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In 1918 Albert Einstein wrote in a letter to Walter Dällenbach against his own theory 
of optical force: “It has long been known that the values I had derived with Laub at 
the time are wrong; Abraham, in particular, was the one who presented this in a 
thorough paper. The correct strain tensor has incidentally already been pointed out 
by Minkowski”. Unfortunately after almost 100 years, it is still not clear why Einstein 
wrote so regarding the theory of optical/electromagnetic force (the optical stress 
tensor (ST)) associated with Lorentz force. The electromagnetic force is one of the 
four fundamental interactions (other three: the strong interaction, the weak interaction 
and gravitation) in nature. In spite of experiencing much progress from 1970, 
research on optical/electromagnetic forces has so far revealed only the partial nature 
of light-matter interaction. For example, inside a material media an appropriate 
description of photon momenta (i.e. the Abraham-Minkowski dilemma) and an 
appropriate description of stress tensors along with Lorentz /volumetric forces 
(known as Minkowski, Abraham, Chu, Einstein-Laub and Ampere/Nelson forces) are 
still matters of great controversy.  
     In this thesis, physics and applications of Lorentz force along with stress tensors 
and photon momenta have been investigated in details with special interest in tractor 
beam effect, plasmonic objects, chiral objects and the objects embedded in a generic 
material medium.  
      At first, we have considered simpler case: application of Lorentz force for the 
objects placed in air. Specifically we demonstrate how the mechanism of Lorentz 
force can be used in a tractor beam-like effect for pulling multiple Rayleigh particles 
placed outside a dielectric hollow core waveguide and coupler. We also represent the 
Lorentz force analysis for plasmonic off-axis and on-axis spherical heterodimers and 
it is shown that the reversal of longitudinal binding force can be easily controlled by 
forced symmetry breaking. Though it is commonly believed that plasmonic forces 
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mostly arise from the surface force and Fano resonance can be a promising way to 
achieve binding force reversal, our study based on Lorentz force dynamics suggests 
notably opposite proposals for the case of plasmonic spherical heterodimers. 
      Next, we have also considered objects those are embedded in a material medium. 
The fundamental results/proposals of this thesis are presented afterwards. We have 
shown that the well-known Lorentz force leads to inconsistent result (pushing force) 
instead of the experimentally observed optical pulling force as observed in interfacial 
tractor beam experiments. As one of the major contributions of this thesis, we identify 
the ‘exact’ reasons why the well-known distinct Lorentz/volumetric forces fail not 
only for interfacial tractor beam experiment but also for several other major radiation 
pressure experiments performed up to date. Later, we demonstrate that it is still 
possible to establish different equivalent time-averaged Lorentz / volumetric force 
formulas based on the fulfilment of just two ‘consistency conditions’. Based on those 
proposed ‘consistency conditions’, finally, we demonstrate that by modifying the 
Einstein-Laub or Chu formulation; time-averaged STs and volume forces are 
obtainable, which can overcome the aforementioned inconsistencies. For example- 
these modified formulations can yield the ‘correct’ time averaged force similar to 
Minkowski’s force for almost all the previous real experiments. Specially, our 
proposed modified Einstein-Laub ST can be considered as an efficient mathematical 
toolkit, an alternative of time and memory consuming volumetric forces, to yield the 
internal bulk force of a chiral or achiral object embedded in complex material 
backgrounds (i.e. homogeneous, heterogeneous, bounded etc.). Later, we have also 
shown an interesting application of modified Lorentz force to control the reversal of 
optical binding force of plasmonic cubes placed over plasmonic substrate due to 
strong Fano resonance.  
      Finally, based on our proposals throughout the thesis, at the end of this thesis we 
propose a new hypothesis named as the ‘existence domain’. ‘Existence domain’ is the 
region either outside of a scattering body taking only its exterior fields into account, 
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or in its interior considering only the inside fields. Though almost all the time 
averaged distinct STs and volumetric force laws are restricted to the idea of 
‘existence domain’, we demonstrate that the stress tensor, volumetric force  and 
photon momentum of Minkowski are free from such and other restrictions both in 
instantaneous and time averaged situations. After almost 100 years of Einstein’s 
prediction, this thesis, most probably, finally answers why only Minkowski’s theory 
of optical force and photon momentum remains consistent in all circumstances. 
    Proposals presented in this thesis can be very effective for resolving not only the 
dilemma of distinct stress tensors and optical Lorentz/ volumetric forces but also for 
settling the controversy of Abraham-Minkowski photon momenta. This thesis may 
also open a new window for optical pulling force/tractor beams along with the novel 
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Introduction and Literature Review 
 
1.1 Introduction 
The electromagnetic force is one of the four fundamental interactions (commonly 
called forces) in nature. The other three fundamental interactions are the weak 
interaction, the strong interaction, and gravitation. By utilizing the 
optical/electromagnetic force, optical manipulation (OM) [such as optical cooling [1], 
trapping [2], binding [3-5], sorting and transporting [6-8]] have experienced an 
intensive development in the past 40 years [9-11]. OM is now considered as one of 
the most important tools in many scientific areas, including optics [9], atomic physics 
[12,13], biological science [14] , and chemistry [15]. Traditionally, the configuration 
of a small dielectric sphere in the focus is usually investigated by considering the 
scattering of the fundamental mode of a Gaussian beam [1,2]. According to the theory 
of electrostatics state, small Rayleigh particles develop an electric dipole moment in 
response to the electric field of the light and the induced dipole is then drawn by the 
field intensity gradients; this phenomenon results in a force called Optical Gradient 
Force [16]. Again, due to the transfer of momentum from the photons to an object, 
another optical force namely Optical Scattering Force, comes into action. Optical 
Scattering Force is the combination of radiation pressure and spin curl component 
[16]. Recently, OM has gone beyond this scenario, and more complex configurations 
have been investigated.  
    For example, OM resolution has been increased beyond the Rayleigh limit by 
extending it to the near-field, thus taking advantage of non-radiative forces [17,18]. 
The manipulated objects can be generic Mie or bigger sized objects [rather than a 




single and small dielectric medium] such as magnetodielectric [16], chiral [19-21], 
plasmonic [22,23] or multilayered coating [24]. For such cases, the common way to 
yield the total optical force is to apply the well-known Maxwell stress tensor (ST) 
method [25] instead of the approximate force calculation method of dipolar force [16] 
(i.e. gradient, scattering and spin curl force). In contrast, the Lorentz/volumetric force 
is applied to compute the force density throughout the particles, which demonstrates 
regions of compression and tension within the medium [26]. Most importantly, 
Lorentz force also describes how the volumetric force on a generic object is 
distributed [27], which is described as Lorentz volumetric force distribution. This 
information cannot be retrieved from the optical stress tensor based [25] force 
calculation. The process of yielding the total force become more complex when the 
embedding background is considered material media [28] instead of air or vacuum. 
     The aim of this chapter is to present an introductory picture of OM (i.e. literature 
review); from fundamental photon momentum transfer, dilemma, existing problems 
and advances toward future prospects on nanoscale and microscale objects and 
structures, which have recently attracted considerable attention [17, 28, 29]. At first, 
in the next section, we have reviewed very shortly how to calculate the optical force 
on an object placed in air. After that, the Lorentz/volumetric force and its connection 
with stress tensor have been reviewed for simple case: object placed in air. However, 
when an object is placed in material media instead of the air background, optical 
force calculations require more appropriate and accurate description of photon 
momenta and forces. This ‘appropriate and accurate description’ is still quite 
controversial [28]. As a result, dilemma on distinct photon momenta and 
electromagnetic stress tensors [27], which are connected with different 
Lorentz/volumetric force densities inside matter, are reviewed in the later part in this 
chapter. Almost half part of this thesis has tried to cover and solve such controversial 
but fundamental issues on optical stress tensors, Lorentz /volumetric forces and the 




photon momenta inside material medium. The other half part of this thesis mainly 
focuses on the novel applications of the Lorentz and proposed modified Lorentz force 
on plasmonic dimers and counter-intuitive tractor beam effect. 
     Though previously OM was restricted mainly on Gaussian beams or simple 
backgrounds, recently the incident light is also constituted by special wave fields such 
as non-diffraction Bessel beams, multiple beam interference, or complex 
backgrounds. A representative example is the recently proposed optical tractor beams 
[30-36], which can exert a negative non-conservative force on a body pulling it 
opposite to its propagation direction [37]. In addition, when the objects are resonant 
with the incident light (i.e. plasmonic object [38]), the optical force may be greatly 
enhanced. Recently force on plasmonic objects has achieved considerable attention 
due to some unusual behavior of plasmonic objects connected with Fano resonance 
[39], super scattering [40], localized surface plasmon [41] and surface plasmon 
propagation [42]. As a result, just before the end of this chapter, two very special 
applications of optical force such as counter-intuitive optical pulling force with 
tractor beams and the reversal of near field optical binding force due to plasmonic 
objects have also been discussed. In fact, the applications of Lorentz force dynamics 
is still not investigated in details for such exciting cases of optical manipulations: 
tractor beams and plasmonic dimers. Almost half part of this thesis has tried to cover 
such issues based on Lorentz and proposed modified Lorentz force.  
Finally, at the end of this chapter, a detail outline of the thesis has been presented in 
the last section. 
 
1.2 The Simplest Case of Optical Force Calculation: 
Object placed in air  






Fig. 1.1 Optical momentum transfers from an incident plane wave of propagating 
vector ki to a spherical particle with permittivity p  and permeability p . The total 
force calculated using the Stress Tensor (ST) is: Fout when the time-averaged ST is 
evaluated from fields outside the particle, through a surface of radius  
(blue lines), and Fin when the time-averaged ST is evaluated from the inside of the 
particle through a surface of radius  (red lines).  
 
 
    We specify that throughout this thesis we refer to 'exterior' or 'outside' forces as 
those evaluated outside the volume of the macroscopic particles, while ‘interior’ or 
'inside' refer to those quantities inside this object volume. To determine the optical 
force experienced by a particle, we refer to Fig. 1.1. If we set a boundary very close 
to the particle from outside, i.e., radius r= a+, (a is the particle radius, assuming it 
spherical (in three dimensions) or cylindrical (in two dimensions)), and calculate the 
time-averaged force using only exterior fields, this will be considered as the outside 
force. On the other hand, if we set a boundary very close to the particle from inside, 
i.e. at r= a-, and calculate the time averaged force using only interior fields, this will 
be the inside force.    
Usually the ‘outside optical force’ [35, 43] is calculated by the integration of time 
averaged Minkowski [35, 43] stress tensor at r= 1.01a = a+ (It means we are selecting 
a spherical surface with a radius slightly larger than the object, on which the 
 1.001r a a 
0.999r a a 




integration of stress tensor is calculated for the total optical force) employing the 
background fields of the scatterer of radius a:  
       .             
(1.1) 
Where ‘out’ represents the exterior total field (i.e. incident plus the scattered field) of 
the scatterer; E, D, H and B are the electric field, displacement vector, magnetic field, 
and induction vectors, respectively, while  represents the time average and  the 
unity tensor. On the other hand, if Eq (1.1) is applied at r= 0.999a = a- [43, 44] by 
employing the internal field of the scatterer placed in air, it leads to zero force [44] 
for lossless scatterers. As a result, the usual way is to determine the total force is the 
‘outside force’ based on Eq (1.1). But a question arises: what is the connection of Eq 
(1.1) with optical volumetric/Lorentz force? Answer of this last question is discussed 
in details in the next section. 
 
1.3 Optical Force Calculation by Volumetric Force 
     Answer of the last question, connection of Lorentz force with stress tensor, comes 
from the linear momentum conservation equation [17]. According to linear 
momentum conservation equation, the total transferred momentum to an object 
should be written as [17]: 
                                                                                            (1.2a)   
         is the electromagnetic momentum density and  is the volumetric force 
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electrodynamics along with Maxwell’s equations. Eq (1.2a) can also be described in 
an alternative approach [17]: Total Mech. Non-Mech. p p p  Here p represents momentum. 
Ultimately in the time average form, Eq (1.2a) turns into the force equation: 
                                                                     (1.2b)   
It should be noted that  term vanishes due to time average.  We have already 
discussed regarding the left side of Eq (1.2b), the surface integral of optical stress 
tensor, in the previous section. The right side of Eq (1.2b) is volume integral. Now a 
problem arises. Though the background is air, the Lorentz /volumetric force, , is 
connected with the idea of optical force distribution inside the object. As a result, 
though the left side of Eq (1.2a) [i.e. total momentum] is a single conserved quantity, 
in the right side of Eq (1.2) the form of  or  is not unique. In Eq (1.2a), the ∂G/∂t 
term is connected with photon momentum,  ; where  and 
 is the electromagnetic momentum density. Inside matter, two different 
definition of photon momenta are considered, which is known as the Abraham-
Minkowski controversy [27]. This controversy will be discussed shortly in a 
forthcoming sub-section. However, the usual common/generic ‘compact’ form of the 
time averaged Lorentz volumetric force is written as [45]: 
                                                                                             (1.3) 
 
is the total volumetric charge,  contains the densities of free as well as 
bound currents arising from polarization and magnetization densities and is the 
magnetic induction [45]. Surprisingly, there are five different ‘elaborate’ forms of 
volumetric force [27,28] and their corresponding stress tensors as shown in Table-1.1. 
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It is still a matter of debate which volumetric Lorentz force is more appropriate than 
the other one [27,28,46].  
     Interestingly, when the background of an embedded object is air or vacuum, all the 
Lorentz volumetric forces shown in Table-1.1 leads to exactly same time averaged 
total force according to Eq (1.2b). So, when the background of an object is air, for the 
calculation of time averaged total force, there is no problem. But the problem arises 
from the idea of volumetric force distribution process. This matter is discussed in the 
next section. 
 
Table-1.1: Previous macroscopic tress tensors, electromagnetic momentum densities 
and force density laws 
 Stress tensor,   ,  and  force density,  f Electromagnetic momentum density, G
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1.4 Different Volumetric Force Laws: Problem of 
Force Distribution  
     One remarkable example on the inconsistency of optical volumetric force 
distribution is the famous Ashkin–Dziedzic experiment in ref. [47]. A two-
dimensional fluid dynamic simulations of the Ashkin–Dziedzic experiment has been 
conducted in ref. [28] as shown in Fig. 1.2. In Fig. 1.2, the lower fluid (blue) 
represents water (n = 1.33) and the upper fluid (white) represents air (n = 1). In [28], 
the air–water interface is excited by a 60 ns-long and 530-nm-wavelength pulse at 
normal incidence. The time-averaged force density distributions exerted by the pulse 
are calculated using the Minkowski, Abraham, Einstein–Laub, Chu, and Ampere 
formulations, which are shown next to the resulting velocity field (blue arrows) of the 
deformed interface [28] in Fig. 1.2. The Abraham, Minkowski, and Einstein–Laub 
formulations predict an upward bulge for TE and TM polarizations for both 
illumination directions [consistent with experimental observations [47]]. The Ampere 
and Chu formulations predict an upward and downward bulge for TM and TE 
polarizations, respectively [inconsistent with experimental observations [47]]. 
 





Fig. 1.2:  Volumetric force distribution for different force laws according to [28] for 
the Ashkin–Dziedzic experiment [47]. The Abraham, Minkowski, and Einstein–Laub 
formulations predict an upward bulge for TE and TM polarizations for both 
illumination directions [consistent with experimental observations [47]]. The Ampere 
and Chu formulations predict an upward and downward bulge for TM and TE 
polarizations, respectively [inconsistent with experimental observations [47]].Figures 




1.5 Problem with Optical Force Calculation: Object  
Embedded in Material Background    





Fig. 1.3:  Though the calculation of time averaged optical force by different 
volumetric/Lorentz forces lead to same result for the case of air background, this fact 
does not remain valid for the case of material background. (a) The prototype of the 
interfacial tractor beam experiment reported in [35]. So far two different independent 
works ([28] and [43]) have investigated that same experiment reported in [35]. 
Different volumetric force laws lead to distinct results; especially Chu and Ampere 
forces lead to inconsistent pushing force. (b) Another famous example of such 
disagreements [53]: the 1954 Jones–Richards experiment [55] and the 1978 Jones–
Leslie experiment [56]. It is observed that only Minkowski and Abraham 
formulations always predict the time averaged results which are consistent to the real 
experimental observations in [55] and [56] according to [28]. Figures adapted and 
reproduced with permission from (a) ref. [35], © 2013, Nature publishing group and 
(b) ref. [53], © 2011, Optical Society of America (OSA). 
 
Fig. 1.4: Simulated radiation pressure on a polystyrene bead (green) [28] placed at the 
edge of the focal point of a continuous-wave beam (λ0= 532 nm) in a background 
medium of water (n = 1.33). The polystyrene bead (n = 1.58) has a diameter of 820 
nm and the force acting on it has been determined in [28] under the rigid body 
assumption by integrating the force density distribution within the bead calculated 
using the Minkowski, Abraham, Einstein–Laub (EL), Chu, and Ampere/Nelson 
formulations. These formulations predict distinct magnitudes of total force in [28] 
and lead to inconsistent result (direction of total force) with Chu and Ampere 
formulations for TM polarization. Figures adapted and reproduced with permission 
from ref. [28], © 2015, Institute of Physics (IOP) publishing. 





       The calculation process of total optical force on a body embedded in a medium 
has different versions [27,28] [cf. Table- 1.1]. But this force is usually derived by 
integrating the momentum flux over any closed surface surrounding this object [cf. 
Fig. 1.1]. For example- initially, Minkowski [48] suggested that a field energy-
momentum tensor should preserve its form in all Lorentz frames. According to his 
suggestion, the stress tensor should be: 
                                      M 12     T DE BH B H D E I     (1.4)                       
The volumetric force density of Minkowski’s stress tensor is known as Helmholtz 
force density: 
                                  2 2H 1 12 2    f E H .                                                (1.5) 
Major radiation pressure experiments have always supported Minkowski’s theory 
[27,28, 35, 46, 49,50].  
      Alternatively, Abraham suggested that the symmetric electro-magnetic stress 
tensor and force density in matter as [51,52]: 
                                                  (1.6) 
                                     2 2A 1 12 2 
        
Aff E H                                     (1.7) 
 
where is the extra “Abraham force” density [46,50]. Experiments in favour of 
Abraham formulation will be found in detailed in Refs. [28,46,49,50]. However, it 
should be remarked that in most configurations, dealing with time-averaged forces of 
an object embedded in any material medium, both theories yield the same time-
averaged optical force [28, 46, 49, 50]. In fact, the difference between Minkowski’s 
1 [ ( ) ],2A     DE ED BH + HB B H D E IT
Af




force and Abraham’s force arises only in the instantaneous force [46, 50] mainly due 
to the extra “Abraham force”. It is remarkable that, like the Minkowski’s formulation, 
Abraham’s theory does not separate the momentum into the sum of field and material 
components. It describes D and B as a single quantity so that the polarization P and 
magnetization M are not separately formulated [cf. Table-1.1].  
There are also three major stress tensors and volume forces other than that of 
Abraham or Minkowski formulations [27, 28, 46]. Those stress tensors and volume 
forces are: Einstein-Laub, Chu and Nelson/ Ampere stress tensor as shown in Table- 
1.1 along with their corresponding Lorentz volumetric force density. But when the 
background is considered as a material medium rather than air or vacuum, those 
different volumetric force formulations given in Table-1.1 predict distinct magnitudes 
and directions of the time-averaged force on an embedded scatterer in several 
experiments [28,46] [cf. Fig. 1.3 and 1.4].  
  The notable fact is that the time averaged total force based on Eq (1.4) or (1.6) is 
usually considered as ‘outside total force’ [35,43] [which is calculated at r=1.01a = a+ 
employing the exterior background fields of the embedded scatterer]. On the other 
hand, whether Einstein-Laub, Chu and Nelson/ Ampere formulations should be 
applied as ‘outside force’ or ‘inside force’ (which is calculated at r= 0.999a=a-  
employing the interior fields of the embedded scatterer) is still not properly 
understood. The time averaged total forces significantly differ for different 
volumetric formulations according to [28] and [46] for real experiments conducted so 
far [2,35,43,53-56] considering background as a material medium and few other cases 
[cf. Fig. 1.3 and 1.4]. Hence it is still a quite ambiguous task to determine which 
volumetric force and its associated ST are more appropriate when the background is 
material media instead of air or vacuum. The controversies in the area of optical force 
calculation would be resolved if the corresponding ranges of validity of the optical 
force formulations are clearly identified. This issue has been investigated in some 
major parts of this thesis. 




       However, it should be noted that: As Minkowski’s (or Abraham’s) time averaged 
formulations have always led to the correct time averaged total force for almost all 
major radiation pressure experiments, the formulations of Minkowski (or Abraham) is 
yet considered the most reliable approach [50] for the time-averaged force on objects 
of any size or shape.  
 
1.6 Abraham-Minkowski Controversy: Photon  
Momentum inside Matter 
     Generally speaking, the force is a consequence of the change of momentum 
carried by photons [1,2,35,43,47,53]. Interestingly, there is a long-standing debate 
over the determination of the momentum of photons in media, which may now be 
synthesized as the Minkowski-Abraham controversy [27, 57]. A century has now 
passed pertaining to the correct form of optical momentum in media. Both 
Experiments and theories have been applied at classical and quantum levels in 
attempt to resolve this problem. The ensuing debate on photon momentum, p, in 
matter is essentially known as the Abraham-Minkowski (AM) or related 
controversies [58] in electrodynamics, i.e., whether one should write: 
                                    or                                                  (1.8) 
where  is the reduced Planck’s constant,  represents the angular frequency of 
light, c is its speed in vacuum, and  denotes the refractive index of the medium. In 
terms of G inside a medium, Eqs in (1.8) are written as [58]: 
                           and    .                   (1.9) 
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The Abraham MD is , whereas the Minkowski momentum 
density is characterized by . Though there are insightful arguments in 
favour of both momentum densities, the real issue is which one is measurable in a 
particular event, rather than the fact of which one is correct.  
     Although it is believed that the idea of Abraham photon momentum as kinetic 
momentum of photon and Minkowski photon momentum as canonical momentum of 
photon resolves the conceptual complexity regarding these two rivalry momenta [58], 
their connections with the rivalry stress tensors and Lorentz/volumetric force 
formulas are still not clear. This issue has been investigated in some parts of this 
thesis. 
 
     1.7 Optical Tractor Beams  
        Manipulation of objects with laser beams has always been a hot topic in 
scientific fields and science fiction. In the latest decade, "tractor beams" which drag 
trapped objects towards the light source, have attracted much attention [25,30-36,59-
64].  
2( )Abr c G E H /
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Fig.1.5 Different examples of tractor beams. (a) Distribution of optical force along 
the wave axis on a silver nanoparticle at the wavelength of 400 nm. The inset shows 
the region of negative optical force (NOF). (b) the optical force on a polystyrene 
sphere by a Bessel beam. It shows that optical pulling force is possible for different 
radii of polystyrene particles. (c) the longitudinal forces  Fz and radial forces  as a 
function of radial distance between the particle and beam axis. The shaded region 
represents stable pulling effect due to  and . Objects near the axis are 
confined by gradient force and transported in propagation direction by scattering 
force. (d) polystyrene particles with radii of 800 nm and 1000 nm are separated by s-
polarized beam. Figure reproduced with permission from: (a) ref. [32]; © 2010, 
Optical Society of America (OSA), (b) ref. [59]; © 2011, Nature publishing group, 




A tractor beam is a traveling wave which exerts a negative scattering force to a 
scatterer and pulls it opposite to the propagation direction of light. Most beams of 
light do not act as tractor beams because radiation pressure tends to drive illuminated 
objects down-stream. A tractor beam pulls and transports an object over a long 
rF
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distance, whereas an optical tweezers cannot be termed as a tractor beam because of 
its inherently limited range and due to the use of gradient force.  
 Previous works regarding optical pulling using tractor beams can be divided into 
well-defined procedures. For example:  (a) It has been demonstrated [32] that there is 
a region of negative optical force (NOF) for a class of designed optical beams [Fig. 
1.5(a)]. However, the regions of NOF are small compared to the incident wavelength. 
Thus a nondiffraction beam constituted by 24 plane waves with the same kz 
component was used in Ref. [31], (b) generating a negative force by exciting 
multipoles inside a scatterer [59], (c) the use of a single non-paraxial Bessel beam 
[Fig.1.5(c)] [25, 30], (d) A tractor beam generated by the interference of a single 
Gaussian beam and its reflection by a dielectric mirror also demonstrated the pulling 
effect [36]. This kind of tractor beam can sort different sizes of particles by switching 
between s- and p-polarized beams [Fig.1.5 (d)]. (e) Building a standing wave named 
the optical conveyor-belt [60, 61], (f) employing gain [62] or metamaterial [63] 
background media, (g) placing the particle between two different media to make 
linearly polarized light [35,43] to act as a tractor beam and (h) introducing the optical 
conveyor [33] as a travelling wave with two super-imposed zeroth ordered Bessel 
beams and later the all-rounder beam with two super-imposed higher order Bessel 
beams with frequency difference between them [34] as shown in Fig. 1.6 (a) and (b). 
However, most of the times optical pulling effects have been discussed from the point 
of view of quasi static analysis based on the external dipole force methods [30,34,62]; 
without considering much analysis on full electrodynamic calculation or the Lorentz 
force [27,28,65]. What is the physical connection of optical pulling force with 
Lorentz volumetric force?  Answers of these questions are investigated later in this 
thesis. 
 





Fig.1.6:   Continuous and three dimensional stable manipulations of fully immersed 
particles by using the optical gradient force generated by superimposing [34]: (a) 
coaxial pair of Bessel beams of reversed orders and different frequencies and (b) Non 
coaxial setup for a tractor beam with two Bessel beams of different helical nature. 
Only the particles located within a certain spatial range can be levitated using this 
latter beam set-up. Figures adapted and reproduced with permission from ref. [34], © 
2015, WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim. 
 
1.8 Reversal of Near Field Optical Binding Force  
 
Fig.1.7:  An example of binding force reversal due to Fano resonance. (a) The 
geometry of the system and the incoming light configuration. The plasmonic dimer 
consists of two nanorods with L1 = 100 nm, L2 = 280 nm, and gap g = 10 nm [22]. 
The diameter of the nanorods is d = 40 nm.  (b) Optical features associated with the 
Dipole-Quadrupole Fano resonance. Optical extinction cross sections and optical 
scattering cross sections [22]. (c) Optical forces between the two nanorods and along 
the k-direction [22]. Figures adapted and reproduced with permission from ref. [22], 
© 2013, Optical Society of America (OSA). 





      In addition to the optical forces directly from light-matter interaction, optical 
binding forces can emerge from the momentum exchange between multiple particles. 
Light-mediated optical binding offers a new way for self-assembly, organization, and 
cell sorting [3,4, 66-68]. The spheroidal nanoparticles could arrange themselves into 
clusters, chains, photonic lattices and linear lines by optical binding [69,70]. 
Alternately, computer-generated holographic tweezers could also be used to organize 
particles into such nanostructures in three dimensions [71,72]. Especially optical 
binding forces of metallic nanoparticles have been found to be over 20 times larger 
than the gradient force [73] and they decayed slower than the gradient force, [74] 
which enables extremely stable nanometer manipulation. 
      Recently the reversal of near field optical binding force has achieved much 
attention [22,23,38,75,76]. However, such reversal of near field binding force is 
mostly connected with the plasmonic dimers [22, 23, 38, 75]. Based on Fano 
resonance, the reversal of near field optical binding force has been reported in [22] 
and [23] for nanorod structures [22] and for disk along with a ring structure [23] as 
shown in Figs. 1.7 and 1.8. ‘Whether such Fano resonance (raised from heterodimer 
interaction) is a universal process of achieving binding force reversal?’- Answer of 
this question is still unknown. In addition, though Lorentz force analysis has been 
applied previously in [65,77-80] to understand the mechanism of chirality induced 
force, Luneburg lenses, mechanical interaction between light and graded index media, 
cloaking effect, background effect on radiation pressure; such analysis has never been 
applied to understand the plasmonic effects and plasmonic binding force. How the 
optical force distributes itself and which part of the total force is mainly responsible 
for plasmonic binding force reversals will be discussed based on the Lorentz force 
dynamics in this thesis.   





Fig. 1.8: Another example of binding force reversal due to Fano resonance. (a) disk-
ring structure and the incident light [23]. (b) Scattering cross section of the disk-ring 
structure (black-solid line) and the individual nanodisk (black-dashed line) [23]. The 
local field enhancement of the individual nanoring (blue dash-dotted line) is also 
plotted. (c) Optical binding force spectrum of the disk-ring structure. The reversal 
points are marked with A, B, and C with respect to the vertical dashed lines, and the 
other reversal points are marked with A’, B’, and C’ according to the vertical dotted 
lines [23]. Figures adapted and reproduced with permission from ref. [23], © 2013, 
Optical Society of America (OSA). 
 
1.9 Thesis Outline  
        One of the main goals of this thesis is to investigate the problems/dilemmas of 
optical volumetric/Lorentz forces specially observed in real radiation pressure 
experiments performed up to date [cf. sections 1.4 to 1.6]. Moreover, Lorentz force 
based analysis is so far restricted to simple cases. In literature, Lorentz force analysis 
for optical pulling force (tractor beams) and the reversal of near field optical binding 
force (i.e. for plasmonic objects) have not been investigated in details [cf. sections 1.7 
and 1.8]. As a result, in this thesis, physics and applications of Lorentz force have 




been investigated in details with special interest in tractor beam effect, plasmonic 
objects, chiral objects and the objects embedded in a generic material medium.  
     At the beginning part of this thesis, in chapter 2 and 3, we have considered 
comparatively simple cases such as objects placed in air. Time averaged total force 
calculated by well-known Lorentz force and the external stress tensor method are 
found in full agreement for those two chapters. More specifically, chapter 2 
demonstrates the Lorentz force analysis for tractor beam like effect. At the end of 
section 1.7 of this chapter, we have already discussed shortly that the stimulating 
connection of optical Lorentz force with counterintuitive tractor beam effect has not 
been investigated in details so far. Chapter 2 attempts to do so. It is shown based on 
Lorentz force analysis that the bound surface charges of Rayleigh scatterer experience 
backward force, which overcomes the positive bulk force and ultimately results in the 
net pulling of the scatterer for several spatial regions outside the two dielectric hollow 
core cylindrical waveguide. Later, this idea of ‘dielectric waveguide tractor beam’ has 
been extended for dielectric coupler set-ups.  
      At the end of section 1.8 of this chapter, we have discussed shortly that the 
connection of optical Lorentz force dynamics with plasmonics and specially the 
reversal of optical binding force have not been investigated in details so far. Chapter 
3 demonstrates the Lorentz force analysis for plasmonic off-axis and on-axis 
spherical heterodimers. It is shown that the reversal of longitudinal binding force can 
be easily controlled due to forced symmetry breaking. Though it is commonly 
believed that plasmonic forces mostly arise from the surface force and Fano 
resonance can be a promising way to achieve binding force reversal, our study based 
on Lorentz force dynamics suggests notably opposite proposals for the case of 
plasmonic spherical heterodimers. 
 
        In contrast, in chapters 4, 5 and 6, we have considered a little bit complicated 
cases such as objects those are embedded in material medium. Specially chapters 4 




and 5 deal with very fundamental topics of optical force: consistency of stress 
tensors, volumetric forces and photon momenta inside matter. The controversies and 
the problems related with such topics have already been discussed shortly in sections 
1.4, 1.5 and 1.6 of this chapter. In chapter 4 it is shown that the well-known Lorentz 
force leads to inconsistent result (pushing force) instead of the experimentally 
observed optical pulling force for interfacial tractor beam experiment. Our suggested 
interpretation in chapter 4 supports the Minkowski approach only for the purpose of 
optical momentum transfer to the embedded scatterer for the interfacial tractor beam 
experiment [35] rejecting Peierls’ and Abraham’s approach, although the momentum 
of photon in the continuous background medium should be considered as the type of 
Abraham for the calculation of the bulk part of Lorentz volumetric force distribution.  
 
       Later chapter 5 discusses in details why well-known Lorentz forces fail not only 
in interfacial tractor beam experiment but also for several other real experiments. It is 
demonstrated that at the boundary of an object, the difference of the external 
Minkowski ST and internal ST of Chu (and Einstein-Laub) is found in agreement 
with the surface force yielded by Chu (and Einstein-Laub) volumetric force only 
when the background is air rather than a material. We identify this as one of the main 
reasons of the disagreements observed in the major radiation pressure experiments 
which include material medium as background. Some other notable reasons of such 
disagreements have also been identified and discussed in that chapter. We also 
demonstrate that it is still possible to establish different equivalent time-averaged 
Lorentz/volumetric force formulas based on the fulfilment of just two ‘consistency 
conditions’. Based on those proposed ‘consistency conditions’, finally, we show that 
by modifying the Einstein-Laub or Chu formulation; time-averaged STs and volume 
forces are obtainable, which can overcome the aforementioned inconsistencies and 
yield the ‘correct’ force similar to Minkowski’s force for almost all the previous real 
experiments. Specially, our proposed modified Einstein-Laub ST can be considered 




as an efficient mathematical toolkit, an alternative of time and memory consuming 
volumetric forces, to yield the internal bulk force of a chiral or achiral object 
embedded in complex material backgrounds (i.e. homogeneous, heterogeneous, 
bounded etc.). 
       The behavior of Fano resonance and the reversal of near field optical binding 
force of dimers over different substrates have not been studied so far. This matter is 
investigated in details in chapter 6. In chapter 5, it has been discussed in details why 
Lorentz force should be modified when the embedding background is material one 
instead of air. In chapter 6, we have shown an interesting application of modified 
Lorentz force [i.e. modified Chu force] to control the reversal of optical binding force 
of plasmonic cubes placed over plasmonic substrate due to strong Fano resonance. 
      Last but not least, based on our proposals in chapter 5, at the end of this thesis 
(chapter 7) we propose a new hypothesis named as ‘existence domain’. ‘Existence 
domain’ is the region either outside a scattering body taking only its exterior fields 
into account, or in its interior considering only the inside fields. Though almost all the 
time averaged distinct STs and volumetric force laws are restricted to the idea of 
‘existence domain’, we demonstrate that the time averaged stress tensor and 
volumetric force law of Minkowski are free from such restrictions. In addition, we 
have also discussed in details the differences between time averaged and 
instantaneous force laws for different formulations. Notably only Minkowski’s theory 
remains valid for all circumstances without any modification. After almost 100 years 
of Einstein’s prediction, this thesis, (most probably) finally answers why 
Minkowski’s theory remains valid everywhere in space (both in instantaneous and 
time averaged scenario) and can be considered as the base of a unified theory of 
optical force and photon momentum. 
    Proposals presented in this thesis can be very effective to resolve not only the 
dilemma of distinct stress tensors and optical Lorentz forces but also the controversy 




of Abraham-Minkowski photon momenta. Our proposals may also open a new 
window of optical pulling force/tractor beams due to the exclusion of conventional 
structured tractor beams along with the artificial exotic matters.  Last but not least, the 
proposed ideas for the reversal of near field optical binding force may also be useful 
for the future applications of plasmonic dimers in the areas of improved plasmonic 
sensors, particle clustering and aggregation. 
 
 









2.0 Summary of chapter 2  
The stimulating connection between the counter-intuitive optical pulling effects and 
the Lorentz force has not been investigated in literature. This chapter demonstrates 
that multiple absorbing or non-absorbing dielectric Rayleigh objects can be pulled 
locally with gradientless travelling waves outside a finite-sized cylindrical nano or 
micro waveguide, if it is made up of a hollow core along with the cladding of at least 
two different dielectrics of appropriate refractive indices. Lorentz force analysis 
reveals that the bound surface charges of Rayleigh scatterer experience backward 
force, which overcomes the positive bulk force and ultimately results in the net 
pulling of the scatterer for several spatial regions outside the waveguide. Finally, in 
order to control the pulling of multiple Rayleigh particles based on scattering force 
and binding force, we have proposed a possible cylindrical coupler set-up. The work 
presented in this chapter may open a new window of optical pulling force due to the 









Controlling the optical force at nanoscale has important applications in emerging 
technological developments [81, 82]. In order to control the optical force at 
nanoscale, nano-opto mechanical systems are of great interest nowadays for different 
novel optical manipulations [83-89]. For example, a way to create optical pulling 
effect for Rayleigh particles is an evanescent wave [83, 84], which is conventionally 
applied in nano-opto mechanical systems for particle manipulation. A slot waveguide 
is reported in [85], which proposes a way of possible long distance transportation by 
pushing the particles along the slot and also trapping the particles in a two-dimension 
way. Later, the trapping and transport of polystyrene nano particles and DNA 
molecules have been demonstrated using such slotted silicon waveguides [86]. Nano-
fiber can also be used for trapping or pushing atoms [87]. Instead of optical pulling, 
the light driven transport of nano particle against the fluidic flow has been 
experimentally demonstrated in presence of micro-meter sized fiber [88]. Using two 
oppositely directed beams from two ends of a 10-μm dielectric waveguide, trapping 
and pulling of nano particles have also been predicted [89]. However, a conventional 
dielectric micro-waveguide (cf. Ref. [89]) with the aid of only forward travelling 
fields has not been used to pull non-resonating conventional dielectric nano particles 
outside the fiber or waveguide, which can be considered as the tractor beam like 
effect. In contrast to the conventional beams with pushing force, a tractor beam is a 
customized travelling light beam which pulls any scatterer opposite to the 
propagation direction of light [25, 30, 33,34,35, 36, 62, 90, 91], which are distinct 
from the aforementioned opto-mechanical systems. 
   In this chapter, we demonstrate a possible scheme of three dimensional (3D) nano-
opto-mechanical system to create local tractor beam effect for multiple non-
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resonating Rayleigh particles (Silicon) outside the proposed finite-sized nano or 
micro waveguides with non-structured light and dielectric materials. The proposed 
pulling method does not require sophisticated control of structured light or exotic 
materials or the complicated background [25, 30, 33, 34, 35, 36, 62, 90, 91]. Only a 
waveguide or a coupler with a hollow air core along with the cladding of two 
different conventional dielectrics with appropriate permittivity is needed, which can 
be excited by simple non-structured source of light. We name our setup as “Dielectric 
Waveguide Tractor Beam” (DWTB), in which a forward propagating wave can drive 
multiple Rayleigh particles locally in a backward direction outside the finite-sized 
waveguide in absence of any backward propagating wave [91]. Based on the 
interaction between the scattering force [92] and optical binding force [3], we also 
propose a local pulling mechanism created by a cylindrical waveguide coupler. Due 
to the presence of additional controllable parameters, probably the manipulation of 
small nano particles [93, 94] (i.e. Rayleigh particles) will be flexible outside the 
proposed coupler setups.   
  However, most of the times optical pulling effects have been discussed from the 
point of view of quasi static analysis based on the external dipole force methods [30, 
34, 62, 92]; without considering much analysis on full electrodynamic calculation or 
the Lorentz force [44,65,77,78,95,96]. Though Lorentz force analysis has been 
applied previously in [65, 77, 78, 96] to understand the mechanism of chirality 
induced force, Luneburg lenses, mechanical interaction between light and graded 
index media, cloaking effect, background effect on radiation pressure; such analysis 
has never been applied to understand the tractor beam like effect. Our verifications on 
the consistency between the full electrodynamic analysis based external stress tensor 
and volume/Lorentz force method in three dimensional (3D) environment may open a 
new window to understand the physical mechanism [65, 77, 96] of optical force not 
only for optical pulling but also for more complicated set-ups reported in [38, 97-99] 
(where dipolar force [92] does not lead to the consistent result). Though in this work 
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we have limited our discussion on non-resonating dielectric Rayleigh particles (both 
non-absorbing and absorbing), we believe that our proposed DWTB based pulling 
can also be applicable for resonating and plasmonic Rayleigh objects [38] due to the 
dominance of the identical part of the Lorentz force. 
 
2.2 Single Rayleigh particle outside the waveguide: 
Force calculation 
We specify that throughout this thesis we refer to 'exterior' or 'outside' forces as those 
evaluated outside the volume of the macroscopic particles, while ‘interior’ or 'inside' 
refer to those quantities inside this object volume. In order to consider the realistic 
effects, in this chapter we have done all the numerical calculations /full wave 
simulations in 3D structures [100]. 
  The proposed simplest setup is illustrated in Fig. 2.1(a). The Silicon scatterer (with 
refractive index of ns=3.5) is placed at the outside of the finite-sized nano or micro 
waveguide, which is made up of a hollow core and two different dielectric layers of 
cladding [i.e. Glass and Potassium Niobet (KNbO3); where the refractive index of the 
second clad should be higher than the first one]. The ‘outside optical force’ [35, 43] is 
calculated by the integration of time averaged Minkowski [35, 43] stress tensor at r= 
1.01a = a+ [It means we are selecting a spherical surface with a radius slightly larger  
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Fig. 2.1:  Illustration of optical pulling force for a single Silicon particle (refractive 
index 3.5 and radius of 30 nm) placed at different z-positions outside a 3D cylindrical 
waveguide. Dotted (….) lines represent the possible time averaged force on the 
particle at different z-positions based on the actual force on the particle indicated by 
‘.’ marked points. (a) A 10 µm sized (this specific length has been considered 
according to Ref. [89]) three dimensional (3D) waveguide is excited by a plane wave 
source of wavelength 1500 nm. The radius are r0=500 nm, r1=600 nm, and r2=700 
nm. The refractive indexes are n0=1.0, n1=1.5 and n2=2.25. A single silicon particle of 
radius 30 nm and refractive index of 3.5 is placed at different z-distances outside the 
waveguide. The radial-directed distance, d, is fixed at 200 nm for different z-
distances/positions of the particle. (b) Fz (in pico Newton) on the single Rayleigh 
scatterer. Figures adapted and reproduced with permission from the work: Mahdy et 
al., Annalen der Physik, doi: 10.1002/andp.201600213 © 2016, WILEY-VCH Verlag 
GmbH & Co. KGaA, Weinheim. 
 
than the object, on which the integration of Stress tensor is calculated for the total 
optical force (for details cf. Fig. 1.1 in chapter 1)] employing the background fields of 
the scatterer of radius a:  
          
Out out
Total
out * * * *
out out out out out out out out






D E B H E D H B
F T s
T I
.          (2.1) 
Where ‘out’ represents the exterior total field [i.e. incident plus the scattered field] of 
the scatterer; E , D , H and B are the electric field, electric displacement field, 
magnetic field, and magnetic induction field, respectively, while  represents the 
time average and I  the unity tensor.  
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    On the other hand, based on the Lorentz force, the total force including the surface 
force and the bulk force [65,77,78]) can be written as:   
                Total Volume Bulk Surf Bulk Surfacedv ds     F F F F f f           (2.2) 
Where  








ˆ ˆ            ( ) ( ) ,2 2o
e avg m avg r a






               
f E H
E E H HE E n H H n
(2.3)        
 Surfacef  is the surface force density (the force which is felt by the bound electric 
and magnetic surface charges of a scatterer), which is calculated just at the boundary 
of a scatterer [65,77,78]. ‘in’ represents the interior fields of the scatterer; ‘avg’ 
represents the mathematical average of the fields just at the boundary [i.e. exactly at 
r=a]. e  and m  are the bound electric and magnetic surface charge densities of the 
scatterer, respectively. The unit vector nˆ  is an outward pointing normal to the 
surface. On the other hand, the time averaged bulk force density can be expressed as 
[65,77,78]: 
* * * *
Bulk 0 in in 0 in in 0 in in 0 in in
1 1Re[ ( ) ( ) ] Re[ ( ){ } ( ){ }2 ]2 s si i               E Hf E E B D H        
                                                                                                                                (2.4)                   
     Bulkf is the bulk force density, which is calculated from the interior of the scatterer 
by employing the inside field [65,77,78]. s  is the permittivity and s  the 
permeability of the scatterer. It is important to note that the quasi static analysis based 
on ‘external dipolar force’ [38,92], which has also been described as the Lorentz 
force in [38] is quite different from the full electrodynamic analysis based on the 
Lorentz force defined in Eqs (2.2) - (2.4).  
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2.3 Detailed analysis of set-up  
2.3.1 Electromagnetic fields and modes in a cylindrical waveguide 
   The primary source is a simple x-polarized plane wave 0 i zxE E e  and 0E  has 
been set to 1 V/m in the simulation model. This source [which is placed at around 
z=0 (the starting length of the waveguide) in the full wave simulation model; cf. 
Fig.2.1 (a)] is used to excite the conventional/modified Bessel fields inside/outside 
our finite-sized cylindrical waveguide [101, 102]. This intrinsic wave-fields can be 
calculated by a transfer matrix method [101, 102]. Throughout this work three 
different sized (length) 3D cylindrical waveguides have been considered: 10 µm (this 
specific size has been considered according to Ref. [89]), 15 µm and 20 µm. In each 
uniform cylindrical cladding of our waveguides, the four field components (Ez, Hφ, 
Hz, Eφ) can be expressed as a linear combination of any two types of Bessel functions 
[102]. Our waveguide has two dielectric claddings, where the guiding modes are 
leaky as the confinement is not perfect (i.e. the higher refractive index of the second 
clad). Just outside the waveguide (i.e., in the air background), there will be no 
incoming waves for the idealistic case [102]. It should be noted that the fields (Ez, Hφ, 
Hz, Eφ) calculated in [102] are the intrinsic fields in absence of a scatterer. Due to the 
finite structure of our waveguide and the presence of the scatterer, the intrinsic fields 
in [102] should be modified near a scatterer; and this has been managed by the full 
wave simulation based techniques applied in this work. 
 
2.3.2 Behavior of external wave-field of a single scatterer placed outside 
proposed waveguides 
In Fig.2.1 (b), it is shown that when a single scatterer is placed around our 
proposed waveguide at different z-distances, the scatterer experiences a net optical 
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pulling force towards the source in several spatial regions. Calculations have been 
done based on the outside stress tensor and also volume force density formula, 
respectively. They are in quite good agreement. Though in [103] the optical pulling 
outside a dielectric waveguide slab has been explained based on the modal 
conversion and resonant coupling of the scatterer, optical pulling force in our set-ups 
is not due to resonant coupling. We also find that a 3D cylindrical waveguide with 
hollow core along with a single dielectric clad is not capable of pulling the Rayleigh 
scatterer in continuous spatial position (which is in agreement with refs. in [104] 
where quasi static analysis has been emphasized to explain the time averaged total 
force). In case of optical pulling with our two-layered hollow core waveguide, the 
scatterer (which is a generic Rayleigh particle) is not in resonance at all [also cf. the 
introduction of ref. [97], the trapping of non-resonant particles]. Ultimately, the 
additional second clad along with the presence of a weak standing wave in it assists 
the pulling effect and alters the spin-orbit interaction [105] in presence of the particle. 
The effect of altered electrodynamic interaction (i.e. the pulling force of non-
resonating particle), due to the addition of the suitable second clad for our setups, 
cannot be included in a simple manner in the quasi static force formula: such as 
external dipolar force in ref. [92]. As a result, a full electrodynamic analysis will be 
discussed in the next section.  
    In order to investigate the connection of our observed pulling force with the 
Poynting vector distribution [92], the total Poynting vector distribution of the 
waveguide is examined via full wave simulation [cf. Fig. 2.2 (a), (b) and (c)]. It is 
interesting to note that the real part of Ez is found in opposite phase after each 500-nm 
z-distance. Another interesting fact is that the Poynting vector direction at z=1000 nm 
plane is negative for the air core, which is discussed in detailed in [106]. However, it 
is not the generic reason of optical pulling force outside the waveguide [104]. For 
example- at z=1500 nm, the force is still negative but the total Poynting vector is 
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positive everywhere just like at z=500 nm where the force is positive. So, the 
conclusion is that: negative Poynting vector [106] is not responsible for such optical 








Fig. 2.2: Total Poynting vector distribution at the planes of z=500 nm (a), 1000 nm 
(b) and 1500 nm (c). The insets show the responding Re(Ez). It is observed that at 
z=1000 nm plane when optical pulling force occurs [cf. Fig. 2.1(b)] outside the 
cylindrical waveguide of Fig.2.1 (a), negative Poynting vector [cf. Fig. 2.2(b)] takes 
place. At the same time, inset of Fig. 2.2(b) represents opposite phase shift of the 
Real (Ez) with respect to Fig. 2.2(a). However, neither the negative Poynting vector 
nor the phase shift of Real (Ez) is the generic reason of the pulling effect. For 
example, Fig. 2.2(c) and in its inset: the total Poynting vector is positive and the Real 
(Ez) does not experience any opposite phase in comparison with the Real (Ez) given in 
the inset of Fig. 2.2(a). In Fig. 2.1(b) it is observed that the particle experiences local 
pulling force at z=1500 nm but it experiences pushing force at z=500 nm. Figures 
adapted and reproduced with permission from the work: Mahdy et al., Annalen der 
Physik, doi: 10.1002/andp.201600213 © 2016, WILEY-VCH Verlag GmbH & Co. 
KGaA, Weinheim. 
 
2.4 Single or multiple Rayleigh particles outside the 
waveguides: Lorentz force Dynamics  
 
Chapter 2          Lorentz Force and Its Application on Tractor Beam like Effect 
34 
 









 FVolume  FOut




       
Fig. 2.3: (a) Possible Illustration of optical pulling force for multiple Silicon particles 
(all with refractive index 3.5 and radius 30 nm) placed outside the 3D waveguide with 
a length of 15 µm; light wavelength 1500 nm. For clarity, it does not represent the 
actual number of particles. In actual simulation set-up, due to time and computer 
memory restriction, we have placed total 46 particles (two different rows; each 
contains 23 particles) covering up to 2.5 µm of the total 15 µm sized waveguide. The 
z-direction center-to-center separations between the particles is 50 nm, and the 
separations of them to the waveguide are d=70 nm and d=200 nm, respectively. (b) 
Dotted (….) lines represent the possible time averaged force on the particle at 
different z-positions based on the actual force on different particles indicated by ‘.’ 
marked points. zF  for particles at x=200 nm. outF  is obtained using the time-
averaged ST, whereas the force VolumeF  is calculated by Eq (2.2) from fields inside 
the object, and SurfF  just from the surface. It is observed that the negative force is 
mainly the ultimate result of negative surface force for each scatterer, which 
overcomes the positive bulk force. In fact the time averaged total force follows the 
trend of surface force almost in all spatial positions. Figures adapted and reproduced 
with permission from the work: Mahdy et al., Annalen der Physik, doi: 
10.1002/andp.201600213 © 2016, WILEY-VCH Verlag GmbH & Co. KGaA, 
Weinheim.     
 
  When several dielectric Rayleigh objects are placed outside the waveguide in Fig. 
2.3(a), we have shown that optical pulling force remains valid as shown in Fig. 
2.3(b). However, the magnitudes of the forces change in comparison with the single 
particle case due to the presence of binding force [3].  
   The explanation of the observed pulling force does not remain simple for this set-up 
because the idea of conventional conservative forces like gradient, scattering and curl 
force or the total external dipolar force cannot be applied even for object radius a ≪ λ 
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[38, 97-99]; where: (i) the modification of modes due to interaction with the Rayleigh 
scatterers significantly alters [98] the properties of the force of an intrinsic dipole 
[92,107] and (ii) multipoles [38] are excited along with the retardation effect. For 
such cases, Lorentz force analysis [44,65,77,78,95,96] (which is a full electrodynamic 
analysis) can be an alternative, accurate and physically insightful way to explain 
complex setups like ours, though so far no attempt has been taken based on the 
Lorentz force to explain the tractor beam effects [25, 30, 33,34,35, 36, 62, 90, 91] or 
complex situations reported in refs [38, 97-99,104,107].  
     From the numerically calculated results in Fig. 2.3(b), it can be explained that the 
bound charges in the surface of the scatterer experience backward surface force 
SurfF  and it overcomes the positive value of the bulk force BulkF  caused by the 
interaction between magnetic induction and induced polarization current (i.e. bound 
current [78]). Hence, the resultant force ultimately becomes negative and the 
dielectric Rayleigh particle experiences local backward pulling in some continuous 
spatial positions outside our proposed waveguide structure. In presence of external 
electric field, bound charges can oscillate around a mean position [108]. In this work, 
we are also observing a case where optical pulling force is arising mainly due to 
dominant negative surface force, while previous tractor beam works [25, 30, 33, 34, 
35, 36, 62, 90, 91] have not investigated based on the idea of surface force and bulk 
force. Although such dominance of surface /polarization charges (that should lead to 
the dominance of surface force) is common for plasmonic structures [109] due to 
local field enhancement, the dominance of surface force for dielectric scatterers with 
positive permittivity is a little bit unusual and highly dependent on the shape of the 
scatterer (cf. the force on crescent shaped object in [78]). 
  Although it is sometimes considered that the bound charges and currents are merely 
computational tools for calculating electric and magnetic fields in matter, yet these 
Chapter 2          Lorentz Force and Its Application on Tractor Beam like Effect 
36 
 
charges and currents are no less real than free charges and currents and can be 
measured experimentally [110,111]. According to ref. [110] [cf. Eq (10) given in 
[110]], within a linear, homogeneous, isotropic dielectric, in regions where there are 
no (free) volumetrically distributed charges, there are also no bound volumetric 
charges. This leads to an interesting conclusion that: in case of optical force, electrons 
that are more or less free to roam around the lattice may be said to act as free 
electrons and can be modelled as bound charges [95]. For the force exerted by the E-
field is −(׏·P)E [95] or 0 ( )   EE , as shown in our Eq (2.4). Here, P is the 
polarization vector. Though this force due to volume charge density vanishes inside 
an isotropic and homogeneous object [65,77,78], the net effect is that surface bound 
charges contribute to the total force as shown in Eq (2.3).  
   We have examined several other setups with placing multiple particles outside the 
proposed cylindrical waveguides. For all the set-ups with finite-sized cylindrical 
waveguides or couplers, the common reason of optical pulling effect is observed from 
the dominance of the negative surface force due to bound surface charges of the 
Rayleigh particles. I.e. in Fig. 2.1(b), nearly at z=1000 nm, the magnitude of optical 
pulling force on a single scatterer reaches local minima (negative maxima) due to 
strong negative surface force on the bound charges of the scatterer. This conclusion 
on surface force remains valid even for the surface force on a particle placed with 
multiple other particles in Fig. 2.3(b) for the 15-µm waveguide. However, in Fig. 
2.3(b), due to multiple scattering and binding force [3], the bulk force changes 
significantly in comparison with the case of a single scatterer. As a result, though the 
total force on a single scatterer reaches the local minima (negative maxima) value 
nearly at z=1000 nm in Fig. 2.1 (b) along with strong surface force, total force on the 
scatterer in presence of multiple scatterers do not reach the local minima (negative 
maxima) value at z=1000 nm even with the presence of strong surface force, as 
shown in Fig. 2.3(b).   
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2.5 Robustness of pulling force to absorption, 
wavelength and waveguide length 
 
Fig. 2.4: Robustness test. (a) Same configuration of Fig. 2.3(a). But the length of the 
waveguide is 10 µm. (b) Dotted (….) lines represent the possible time averaged force 
on the particles at different z-positions based on the actual force on different particles 
(total 46 particles; 23 in each row) indicated by ‘.’ marked points [also cf. Fig. 2.3]. 
Moderate loss (n= 3.5+0.5i) is introduced to all the particles placed outside the 10 µm 
waveguide. The magnitude of the pulling force is decreased very slightly and still 
pulling force is quite possible in presence of moderate absorption. It proves the 
robustness of our scheme. (c) The effect of the change of incident wavelength is 
shown for lossless particles at x=200 (total 46 particles; 23 in each row). If 
wavelength of the light source is changed for the set-up of Fig. (a) [i.e. 1000, 1250, 
1750 and 2000 nm] but the particle size remains fixed; the force magnitudes have 
been dramatically varied for different wavelengths of the source. In lower 
wavelengths (i.e. 1000 nm wavelength) pulling force is greatly reduced, which 
indicates that the proposed idea of DWTB is applicable only for Rayleigh particles. 
Figures adapted and reproduced with permission from the work: Mahdy et al., 
Annalen der Physik, doi: 10.1002/andp.201600213 © 2016, WILEY-VCH Verlag 
GmbH & Co. KGaA, Weinheim. 
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    In order to examine the robustness of our proposed set-ups, we have varied 
different key parameters. For example- at first we have introduced moderate loss 
(ns=3.5+0.5i) to all the particles placed outside the waveguide [cf. Fig. 2.4(a) and 
(b)]. For absorbing scatterers, Eq (2.4) gets two different parts known as the bound 
force and conduction force [44]: 
                                                    Bulk b c F F F                                             (2.5a) 
   Currents arise in materials when there is a non-uniform distribution of charge. 
In dielectric materials, there is a current density corresponding to the net movement 
of electric dipole moments per unit volume, i.e. the polarization P. When the 
polarization density changes with time, the time-dependent bound-charge density 
creates polarization current density (bound current [78], [110]). This bound current 
interacting with magnetic induction causes the bound force part of total bulk force. 
Here, the bound force bF  can be written as [44]: 
* *
0 in in 0 in in
1 Re[ (Re[ ] ){ } (Re[ ] ) }2 ]{b b s sdv i i            F f E B D H    (2.5b)                
On the other hand, the time averaged conduction force cF  (which is an additional 
interior force that arises due to the free currents inside the scatterer) takes the value 
[44]: 
                      * *in in in in1 Re2c c I Idv dv        F f E B H D               (2.5c)          
Here I  and I  are the imaginary parts of the permittivity and permeability of a 
scatterer, respectively. It is observed that even if multiple absorbing scatterers are 
placed outside our waveguide, still optical pulling force occurs very similar to non-
absorbing case as shown in Fig. 2.4 (b).   
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   Next, we have varied the wavelength of light source in Fig. 2.4(c). We conclude 
that our proposed pulling effects work only for the Rayleigh limit of the particles (for 
both absorbing and non-absorbing). If the primary source wavelength is decreased too 
much (or by increasing the particle size; which is connected with the electrical size = 
ksa; where ks is the wave number ‘inside’ the material of scatterer), only few particles 
at random positions experience optical pulling force [cf. Fig. 2.4(c)]. However, as 
long as the Rayleigh limit (electrical size) is maintained, local pulling effect is 
observed for different wavelengths of the primary source. Finally, the overall length 
of our waveguide structures has also been varied, from 10 μm to 20 μm, and we have 
found that all the proposals introduced so far still remain valid. 
 
2.6 Multiple Rayleigh particles outside the coupler  
  















Fig. 2.5: Possible Illustration of optical pulling force for multiple Silicon particles 
placed outside two identical 10 µm sized (length) 3D cylindrical waveguides (a 
directional coupler). (a) The ‘possible’ set-up of 3D particles placed together at 
different z-distances at d=200 nm apart from each waveguide. Material and the 
configuration of the waveguides and particles are the same as those used in Fig. 2. 3. 
(b) Fig. (a) does not represent the actual number of particles. In actual simulation set-
up due to time and computer memory restriction, we have placed total 48 particles in 
one row covering up to 5 µm of the total 10 µm sized waveguides. The forces ( zF  
and xF ) on an individual Rayleigh scatterer placed at different z-distances outside the 
waveguide (at fixed d=200 nm). Dotted (….) lines represent the possible time 
averaged force on the particle at different z-positions based on the actual force on 
different particles indicated by ‘.’ marked points. The two identical waveguides are 
excited by a plane wave source of wavelength 1500 nm. We verified that the pulling 
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force due to cylindrical waveguide in Fig. 2.5(b) is also originated from negative 
surface force SurfF (not shown). Figures adapted and reproduced with permission 
from the work: Mahdy et al., Annalen der Physik, doi: 10.1002/andp.201600213 © 
2016, WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim. 
 
   Based on the interaction between the scattering force [92] and optical binding force 
[3], we have also proposed a local pulling mechanism created by a cylindrical 
waveguide coupler as shown in Fig. 2.5. Importantly, (i) by changing the phase of the 
guided modes in the two waveguides [76] or (ii) by differing the intensity (input 
power) of primary light source [89] or (iii) by increasing the intensity (input power) 
of primary light source [88], it may be possible to achieve a flexible way of multiple 
particle manipulation based on the model system of coupler set-up proposed in Fig. 
2.5.  
    In Fig. 2.5, it is also observed that optical pulling force on multiple particle towards 
-z direction exists with moderate magnitude not only at the starting length but also at 
the later parts of the waveguide. However, the surface force part of the Lorentz force,
SurfF , (not shown) on the scatterer has also been observed negative and dominant 
for that set-up. It should be noted that the coupler set-up is just a possible model 
system [also cf. ref. [112]]. If we consider the lines of multiple Rayleigh particles 
from different distances from the two waveguides [i.e. different fixed x-positions, 
particle aligned in z-direction]; particles, which are almost at the same distance from 
both the waveguides, should experience smaller lateral gradient force in comparison 
with the single waveguide system.  
 
2.7 Conclusion 
In summary, we have demonstrated a possible way of achieving the local pulling 
force for multiple non-resonating Rayleigh objects considering both the exterior and 
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interior dynamics behaviors of optical force. The robustness of our proposed scheme, 
local pulling force of multiple particles in presence of a structured cylindrical 
waveguide or a coupler, has also been tested by varying several key parameters. 
Probably the space dependent local optical forces can be adjusted (positive or 
negative) for multiple nano particles outside the finite-sized nano or micro 
waveguides/couplers based on the ideas presented here. The consistency between the 
Lorentz force method and external stress tensor (i.e. full electrodynamic calculation 
[113] instead of the approximate quasi static analysis) has been demonstrated in 
details for complex 3D set-ups. The work presented in this chapter has provided not 
only a novel way to realize opto-mechanical tractor beam effect with the simple light 
source and material but also a physical insight on the observed effects considering the 
Lorentz force dynamics of both absorbing and non-absorbing scatterers. Though we 
have restricted our discussion for non-resonating dielectric Rayleigh particles (both 
non-absorbing and absorbing), we believe that our proposed DWTB based pulling 
can also be applicable for resonating and plasmonic Rayleigh objects [38,114] due to 
the very high dominance of surface force [114] part of the Lorentz force. For very 
recent trend of metamaterial cladded hollow core cylindrical waveguides [115, 116], 
this work may also open a new way of future investigations: i.e. an alternative 
mechanism of optical pulling force on the particles placed inside or outside the core 













Lorentz Force on Plasmonic Spherical 
Heterodimers: Reversal of Binding Force  
 
3.0 Summary of chapter 3  
In previous chapter the connection between Lorentz force and tractor beam effect has 
been investigated. In this chapter, the stimulating connection between the reversal of 
plasmonic binding force and Lorentz force dynamics has been investigated. As both 
bonding and anti-bonding modes are present in the visible spectra of well-known 
spherical plasmonic heterodimer sets, binding force reversal is commonly believed to 
occur for all such heterodimers. But this chapter suggests a very different proposal. 
We demonstrate that for the symmetry broken heterodimer configurations: reversal of 
lateral (for on-axis heterodimers) and longitudinal (for off-axis heterodimers: end-fire 
and nearly end-fire configurations) binding force follow fully distinct mechanisms. 
Interestingly, the reversal of longitudinal binding force can be easily controlled just 
by changing the direction of light propagation or just their relative orientation. 
Though it is commonly believed that plasmonic forces mostly arise from the surface 
force, and Fano resonance can be a promising way to achieve binding force reversal, 
our study based on Lorentz force dynamics suggests notably opposite proposals for 
the case of plasmonic spherical heterodimers. 
 







   Fano resonances, super-scattering and plasmonic hybridization in nanostructures 
[39-41], [117] have received substantial attention in the area of plasmonics. The 
promising applications of plasmonic hybridization, super-scattering and Fano 
resonances have been investigated in improved sensitivity of the resonance [118], bio 
sensing [119], surface-enhanced Raman scattering [120,121], photonic propagation 
and wave guiding [122,123], plasmon-induced transparency [124] to super scattering 
[125] and many others [126,127]. In contrast, less attention is dedicated on near field 
optical force due to Fano resonance and plasmonic hybridization; especially for 
plasmonic dimers. When two metal nanoparticles are placed very closely to each 
other, the properties of their surface plasmons are dramatically modified. This 
configuration of nanoparticles is known as a “dimer”. Different behaviors (other than 
optical force) of such dimers have been studied in refs. [39,41,117,128-132]. Among 
the dimers, specially heterodimers show remarkable properties: Fano resonances 
[41,130], avoided crossing behavior [41] and optical nanodiode effect [41]. But the 
behavior of near field optical force for such heterodimers have not been studied in 
details. So far only two works [38, 133], as per our knowledge, have studied the 
behavior of binding force for on-axis spherical heterodimers.   
    Though the behavior and reversal of near field optical binding force for spherical 
plasmonic on-axis homodimers [134- 136] (due to bonding and anti-bonding modes 
without plasmonic substrate) have been studied in details, such detail studies lack for 
the on-axis [38, 133] and off-axis spherical heterodimers. Here off-axis means end-
fire [38] and nearly end-fire configuration [cf. Fig. 3.1 when the rotation angle, φ, of 




the particle is between 60 to 120 degrees]. Considering the heterodimer cases, based 
on Fano resonance, the reversal of near field optical binding force has been reported 
in [22] and [23] for nanorod structures [22] and for disk along with a ring structure 
[23]. ‘Whether such Fano resonance (raised from heterodimer interaction) is a 
universal process of achieving binding force reversal?’- Answer of this question is 
still unknown.  
     A plasmonic spherical “heterodimer” set-up supports both bonding and 
antibonding plasmon modes at the same time due to its broken symmetry [117]. 
Hence it is expected that binding force reversal should occur almost for all the 
spherical heterodimer structures. But our work in this chapter suggests that reversal of 
lateral (for on-axis heterodimers) and longitudinal (for off-axis heterodimers) binding 
force of symmetry broken heterodimers follow fully different key 
parameters/mechanisms; i.e. later one depends on relative orientation and 
constructive dipole-quadrupole resonance (though not super-scattering mode [40]) 
but the former one on light polarization and the induced electric resonance. Most 
importantly, the reversal of longitudinal binding force can be easily controlled due to 
forced symmetry breaking just by changing the direction of wave propagation for a 
specific set-up of off-axis heterodimers or by changing their relative orientation. 
Interestingly, though reversal of optical binding force occurs for nano rods or other 
shapes due to Fano resonance [22, 23], we have demonstrated that Fano resonance 
[39, 41] does not contribute to binding force reversal for spherical heterodimers. 
These observations are quite different than the homo-dimer cases reported in 
[113,134-137].  
     Though Lorentz force analysis has been applied previously in [65,77,79,96] to 
understand the mechanism of chirality induced force, Luneburg lenses, mechanical 
interaction between light and graded index media, cloaking effect, background effect 
on radiation pressure; such analysis has never been applied  in details to understand 




the plasmonic effects and plasmonic binding force. Although it is commonly believed 
that plasmonic forces mostly arise from the surface force/polarization induced 
charges [109,114], our study suggests a notably different proposal especially for the 
off-axis heterodimers. In addition, how the optical force distributes itself and which 
part of the total force is mainly responsible for plasmonic binding force reversals 
have also been discussed based on the Lorentz force dynamics without applying any 
approximate method.   
    Table-3.1 of this chapter (given below) represents a very short overview of our 
overall investigation throughout this chapter. Observations of this work should be 
very useful for the future plasmonic applications of the heterodimers in the areas of 

















                       
Fig. 3.1: Two particles of radii 100 and 50 nm are placed with inter particle distance 
from surface to surface ‘d’; d= 20 nm throughout this chapter. One particle centered 
at  0,0,0 and the other centered at  cos , sin ,0R R   with 1 2 =170 nmR d r r   the 
center-to-center distance of the two object. The angular displacement is ‘φ’ which is 
considered 0 degree when the dimers are on-axis in x direction. And the angular 
displacement is considered +90 degree [end fire configuration] when the dimers are 
on-axis in –y direction. This ‘φ’ should not be mixed up with the azimuthal angle of 
spherical co-ordinate system. Two different polarized light sources are applied 
propagating towards –y direction [in order to break the symmetry; light is shined from 
a specific side]: (i) For parallel polarization: x-polarized plane wave 0 i yxE E e   
(ii) For perpendicular polarization: z-polarized plane wave 0 i yzE E e  . Yellow 
color represents Au and Silver color represents Ag: (a) Au-Ag (b) Au-Au (c) Ag-Ag 




































(a) Inter-particle edge to edge gap, d, is 
always fixed 20 nm. 
(b) Heterodimer radii are fixed: 50 nm and 
100 nm. 
Ag-Au (a) [=(d)] Yes  Ʇ (i)Yes Lateral binding force reverses only for 
perpendicular polarization. For higher 
wavelength region: Reversal of force occurs due 
to zero surface and bulk Lorentz force at a 
specific wavelength near bonding (attractive 
force) resonance. For lower wavelength region: 
such force reversal can be recognized from the 
reversal of electric dipole moment of the smaller 
object. In fact, such reversals (repulsive to 
attractive) occur due to induced electric 
resonance near the bonding resonance mode.    
Au-Au (b) [=(e)]   Yes  Ʇ (i)Yes 
Ag-Ag (c) [=(f)] Yes  Ʇ (i)Yes 
Ag-Au (a) [=(d)] Yes  ‖ (i)No 
Au-Au (b) [=(e)]   Yes  ‖ (i)No
Ag-Ag (c) [=(f)] Yes  ‖ (i)No 
Ag-Au (a)  Yes Ʇ and ‖ (ii) No Longitudinal binding force reverses [for only 
Ag-Au and Ag-Ag case] only when the bigger 
particle rotates and the light is perturbed by the 
fixed smaller object at first. This reversal occurs 
due to the constructive dipole-quadrupole 
resonance and due to the dominance of the bulk 
Lorentz force. However, for all heterodimer sets 
attractive and repulsive force can be very easily 
controlled by changing the light propagation 
direction or changing the relative orientation of 
the dimers. Such control is not possible with the 
spherical homo-dimers. 
Au-Au (b)  Yes Ʇ and ‖ (ii) No
Ag-Ag (c)  Yes Ʇ and ‖ (ii) No
Ag-Au (d)  Yes Ʇ and ‖ (ii) Yes
Au-Au (e)  Yes Ʇ and ‖ (ii) No
Ag-Ag (f)  Yes Ʇ and ‖ (ii) Yes
 
 





3.1 Optical Force calculation 
 
We again specify that throughout this thesis we refer to 'exterior' or 'outside' forces as 
those evaluated outside the volume of the macroscopic particles, while ‘interior’ or 
'inside' refer to those quantities inside this object volume. In order to consider the 
realistic effects, in this chapter we have done all the numerical calculations /full wave 
simulations [100] in three dimensional (3D) structures. 
  The proposed simplest set-up is illustrated in Fig. 3.1. The Gold (Silver) and Silver 
(Gold) particles are placed near to each other. The real and imaginary part of the 
permittivity of Gold is taken from the standard CRC data [100, 138]; but for Silver it 
is taken from standard Palik data [100,139] (the criteria is the best agreement with the 
FDTD fitting model in [100] for full wave simulation). Inter particle distance is ‘d’. 
Suppose the source is a simple x-polarized plane wave 0 i yxE E e  propagating 
towards –y direction. This set-up is a forced symmetry broken system which later 
plays a vital role for the reversal of binding force. If the heterodimer set-up is shined 
from the top, such ‘forced symmetry breaking’ is not possible. The ‘outside optical 
force’ [43, 84] is calculated by the integration of time averaged Minkowski [43,84] 
stress tensor at r=a+ employing the background fields of the scatterer of radius a:  
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Where ‘out’ represents the exterior total field of the scatterer; , , and are the 
electric field, displacement vector, magnetic field and induction vectors respectively, 
 represents the time average and  is the unity tensor.  
 On the other hand, based on the Lorentz force, the total force (surface force and the 
bulk force [65,77,79,96]) can be written as:   
                Total Volume Bulk Surf Bulk Surfacedv ds     F F F F f f           (3.2) 
Where  
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(3.4) 
 is the surface force density (the force which is felt by the bound electric and 
magnetic surface charges of a scatterer), which is calculated just at the boundary of a 
scatterer [65,77,79,96]. is the bulk force density, which is calculated from the 
interior of the scatterer by employing the inside field [65,77,79,96]. ‘in’ represents 
the interior fields of the scatterer; ‘avg’ represents the average of the field.  and 
 are the bound electric and magnetic surface charge densities of the scatterer 
respectively.  is permittivity and  is permeability of the scatterer. The unit vector 
 is an outward pointing normal to the surface. As per we know, the Lorentz force 
dynamics of plasmonic particles and especially heterodimers have not been discussed 
previously. It is notable that the ‘external dipolar force’ [43, 84] (which has also been 
described as Lorentz force in [38]) is quite different than the Lorentz force defined in 












our Eqs (3.2) - (3.4). Even if the quasi static analysis (i.e. dipolar force [40,41]) leads 
to wrong conclusion (for example- in refs [38, 97-99]); the agreement of Lorentz 
volume force [65,77,79,96] and external ST method based on full electrodynamic 
analysis, which is considered for all the force calculations in this work, should lead to 
the consistent result for realistic experiments.  
 
3.3 Lateral binding force: On-Axis Spherical 
Heterodimers 
Behavior of optical binding force for on-axis spherical heterodimers has been studied 
in [38] considering the inter particle edge to edge gap of only 2nm. In addition, the 
size of the spherical objects has been considered only 10 nm and another one 
maximum 40 nm in [38]. However, we have observed that if the inter particle gap is 
increased (i.e. 20 nm instead of 2 nm), the reversal of optical binding force dies out 
for both polarizations of light. However, a more generic way of the reversal of 
binding force has been investigated and demonstrated in the next sub-sections. Such 
an investigation is also important to find the answer of the question: ‘Whether Fano 
resonance (raised from heterodimer interaction) is a universal process of achieving 
binding force reversal?’. 
 
3.3.1 Parallel Polarization: No reversal of lateral binding force for Au-Ag, Au-
Au and Ag-Ag on-axis heterodimers 
It is observed in full wave simulation that for Ag-Au, Au-Au and Ag-Ag heterodimer 
configurations, the reversal of lateral binding force [FBind (x) = (FB (x)-FS (x))] does not 
occur for the light polarized parallel to the dimer axis. Here FB(x) and FS(x) are the +x 
directed time averaged force on big and small particle respectively [cf. Figs in 3.1]. 




According to our several full wave simulation results, the important conclusion is 
that: although reversal of optical binding force occurs for nano rods or other shapes 
due to Fano resonance [22, 23], Fano resonance is in general not the reason of the 
reversal of optical binding force.  
3.3.2 Perpendicular Polarization: Reversal of lateral binding force for Au-Ag, 
Au-Au and Ag-Ag on-axis heterodimers  
 
Fig.3.2:  Considering perpendicular polarized light for the configuration of Fig.3.1 (a) 
and ‘ȹ’ = 0 degree [on axis Ag-Au]: (a) Extinction co-efficient. (b) The binding force 
FBind (x) = (FB (x)-FS (x)). (c) Difference of bulk Lorentz force. (d) Difference of surface 




force. Considering same polarization of light for the configuration of Fig.3.1 (b) and 
‘ȹ’ = 0 degree [on axis Au-Au]: (e) Extinction co-efficient (f) The binding force FBind 
(x) = (FB (x)-FS (x)) (g) Difference of Lorentz bulk force for x components. (h) 
Difference of Lorentz surface force for x components. 
 
     We consider two on-axis Ag-Au, Au-Au and Ag-Ag particles of 100 and 50 nm 
with inter particle distance (edge to edge distance) of 20 nm [cf. Figs. 3.1 (a), (b) and 
(c)] and perpendicular polarized light.  
(1) The difference of the bulk part of the total Lorentz force on a plasmonic 
object [also cf. Eq (3.4)] should describe the relative bulk force experienced 
by the optical molecule: 
                      Bulk m Bulk ( ) ( ) Bulk ( ) ( )F F [ ]Del Del [ ]B B S Sdv dv   f f      (3.5)                
Here; (B) and (S) represent: bigger and smaller object respectively. At the 
same time the difference of the surface part [which originates from induced 
surface charges; cf. Eq (3.3)] of the total Lorentz force on a plasmonic object 
should describe the relative surface force experienced by the optical 
molecule:    
                  Surf e Surface ( ) ( ) Surface ( ) ( )[ ]Del [ ]F Del F B B S Sds ds   f f     (3.6)                        
It should be noted that:  
 ( ) ( ) ( ) Bulk ( ) Surf )  ( x Del D FF el xBind x B x S xF F F    . Subscript (x) represents 
the force in +x direction. It is observed that near the bonding resonance 
mode reversal of the optical binding force (negative to positive) occurs at 
wavelength 646 nm [cf. Fig. 3.2(a), (b) for Ag-Au and Fig. 3.2 (e), (f) for 
Au-Au]. Reversal of optical binding force occurs at that specific wavelength 
mainly due to the individual zero surface ( Surf (x)Del F 0 ) and bulk (




Bulk( )FD l 0e x  ) Lorentz force [cf. Fig. 3.2 (c), (d) for Ag-Au and Fig. 
3.2(g), (h) for Au-Au].  
(2) We now consider a different idea: the electric dipole moment p  of the 
objects to explain the reversal of binding force based on same and opposite 
electric charges. This idea of electric dipole moment p  should be a more 
generalized idea than the electric polarizability (discussed in ref. [38]), as the 
overall size of the dimer set-up is higher than the dipolar limit in this work. 
The real part of electric dipole moment of an object is defined as: 
                                             0 inRe [ ( ) ]sp i dv    E                                 (3.7) 
It is also demonstrated that whenever the 2nd reversal (positive to negative) of the 
lateral binding force occurs for transverse/perpendicular polarization near the 
wavelength 500 nm [cf. Fig. 3.2(a), (b) for Ag-Au and Fig. 3.2 (e), (f)], the real 
part of the induced electric dipole moment reverses its sign near the resonance of 
the smaller object in Fig. 3.3 (a) and (c).This does not occur for parallel polarized 
case as shown in Fig. 3.3(b) and (d). So, the reversal of lateral binding force near 
this specific wavelength can better be explained based on the idea of induced 
same or opposite electric charges similar to the idea (reversal of the electric 
polarizability near resonance) proposed in ref. [38]. Results of on-axis Ag-Ag 
heterodimers are similar to Ag-Au and Au-Au cases; which have been observed 
(but not shown here) in our full wave simulations.  
 





Fig. 3.3:  For both polarizations, electric dipole moment of Ag-Au heterodimers [for 
configuration of Fig. 3.1 (a)] and Au-Au heterodimers [for configuration of Fig. 3.1 
(b)]. 
 
3.4 Longitudinal binding force for Off-Axis Plasmonic 
Heterodimers: end-fire and near end-fire configuration  
 
In this section we mainly focus on the Ag-Au heterodimers to explain the behaviour 
of the off-axis heterodimers. Reversal of the optical longitudinal binding force has 
been observed for only Ag-Au and Au-Au off-axis heterodimers (only when the 
smaller object perturbs the propagating light at first) and this issue is connected with 
the presence of constructive interference of dipole-quadrupole mode. Another notable 
point is that: mutual attraction and repulsion of all the off-axis heterodimers can be 
very easily controlled by changing the direction of propagating light or by changing 




the relative orientation of the particles. All the conclusions of the forthcoming 
sections have been noted very shortly in Table-3.1.    
3.4.1 Au-Ag off-axis heterodimers: Longitudinal binding force for both 
polarizations   
Now, we consider Au-Ag particles of 100 and 50 nm respectively with inter particle 
distance of 20 nm [cf. Fig.3.1 (a) and (d)] but considering rotation angle, φ, of the 
particle is between 60 to 120 degrees [i.e. end fire or nearly end fire configuration 
[38]]. The light source is same. We start to create angular displacement from the x- 
axis considering two cases: (A) Rotating the smaller object keeping the bigger one 
fixed [cf. Fig. 3.1(a)] and (B) Rotating the bigger object keeping the smaller one 
fixed[cf. Fig. 3.1(d)]. Now the question arises: ‘Should there be any difference on 
longitudinal optical binding force for these two cases- (A) and (B)?’. The notable 
observation of this work: the behavior of longitudinal binding forces are quite 
different for these two cases due to the forced breaking of symmetry by placing the 
light source at one side of the dimer configuration instead of at the top of the set-up. 
If the light source were placed at the top of the set-up, such difference should not 
arise. According to our forthcoming observations, forced symmetry breaking is 
detected as one of the key ways to control the inter-particle attraction and repulsion. 
Some previous symmetry broken set-ups have been discussed in [140, 141] (but not 
for optical force), which are different than our case. 
   However, for both cases- (A) and (B), the extinction cross sections reveal that 
bonding mode resonance blue shifts for increasing angular displacement in Fig. 3. 
4(a), (c), (e), (g) for aforementioned both the cases. We have observed that this is also 
true for Au-Au heterodimers. It appears that an ‘angular ruler’ may also be possible 
similar to previously defined ‘inter-particle gap ruler’ in ref. [142].  




   For the off-axis heterodimers, the attractive force can be defined as the positive 
value of the optical binding force FBind (y) (SR)= (FS (y)-FB (y)) and FBind (y) (BR)= (FB (y)-
FS (y)) [here SR means small rotating and BR means big rotating], considering two 
important facts: (a) the angular displacement angles should be much higher and φ 
should be as close as 90 degree [i.e. 60< φ <120] and (b) x directed lateral force F(x) is 
at least ten times smaller than y directed force F(y) (which is usually satisfied, as the y 
directed/longitudinal scattering force is usually much higher than the x directed 
lateral force for plasmonic spherical heterodimers). It should also be noted that the 
scattering force of the bigger object is always pushing force [negative value of FB (y)], 
which is one of the key issues to control the reversal of the y directed binding force 
(this will be explained next).  
3.4.1.1 Au-Ag off-axis heterodimers: Rotating the smaller particle keeping the 
big one fixed   
   At first we consider the rotation of the smaller object [case (A); cf. Fig. 3.1(a)] for 
both perpendicular and parallel polarizations of light. For φ =60 to 90 degrees, it is 
observed that only the scattering force of the smaller object experiences the reversal 
at bonding resonance region. On the other hand, scattering force of the bigger object 
(FB (y)) is always pushing force. But the most important fact is that ( ) (  )  S y B yF F ; 
always. As a result, FBind (y) (SR) = (FS (y)-FB (y)) is always positive [attractive force as 
shown in Fig. 3.4(b) and (f)]. Importantly, the real part of electric dipole moment of 
the smaller object reverses its sign near the bonding resonance [not shown] but FBind 
(y) (SR) always remains attractive with no reversal of sign. In fact, the difference of 
the particle radius of both the particles plays a vital role. When one of the particles in 
the heterodimer is much larger than the other one and the propagating light is 
perturbed by the bigger object at first, the scattered field from the large particle 
becomes much larger compared to the incident field. When the field enhancement is 
quite high at the inter particle gap position, this enhanced field forces the dipole on 




the small particle to oscillate in phase. Accordingly, with larger radius of bigger 
particle, the optical force between the particles becomes always attractive.   
 
 
Fig.3.4:  SR and BR represent ‘small rotate’ and ‘big rotate’ respectively and ‘ȹ’ = 
60, 70 and 90 degree [off axis Ag-Au]. Considering perpendicular polarized light- for 
the configuration of Fig.3.1 (a): (a) Extinction co-efficient (SR) (b) The binding force 
FBind (y) (SR); and for the configuration of Fig.3.1 (d): (c) Extinction co-efficient (BR) 
(d) the binding force FBind (y) (BR). Considering parallel polarized light: for the 
configuration of Fig.3.1 (a): (e) Extinction co-efficient (SR) (f) The binding force 
FBind (y) (SR); and for the configuration of Fig.3.1 (d): (g) Extinction co-efficient (BR) 
(h) The binding force FBind (y) (BR). 





3.4.1.2 Au-Ag off-axis heterodimers: Rotating the bigger particle keeping the 
small one fixed    
    Now, we shall consider the alternate orientation [case (B); cf. Fig. 3.1 (d)] by 
rotating the bigger object and keeping the smaller object fixed. If the bigger object is 
rotated remaining the smaller one fixed, FBind(y) (BR) reverses during the antibonding 
type resonance mode and near spectral dip position. This is explained next. 
   When the smaller object was rotated and the propagating light was perturbed by the 
bigger object at first, the scattering force on the bigger object (always pushing) was 
always higher than the smaller one. But when the bigger object is rotating and the 
propagating light is perturbed by the smaller object at first, there are some chances to 
find some wavelength regions when the longitudinal/scattering force on the smaller 
object becomes higher than the bigger object. In this way the binding force FBind (y) 
(BR)= (FB (y)-FS (y)) can be observed attractive in those wavelength regions. This is 
what exactly happens during the anti-bonding type resonance modes as shown in Fig. 
3.3 (c), (d) and (g), (h); which is quite different than the conventional idea of optical 
binding force with homodimers [113]. For homodimers, according to the quasi-static 
approximation limit [113]: the bonding modes and antibonding modes have positive 
and negative definite slopes, respectively. As a result, consequently they must, 
respectively, induce attraction and repulsion. But we clearly observe the opposite 
scenario for the longitudinal binding force of heterodimer set (at a fixed edge to edge 
distance of 20 nm) when the light is perturbed by the smaller object at first. Then the 
question rises why this kind of opposite behavior is observed for such symmetry 
broken heterodimer sets. Its answer lies in the electrodynamic calculations and force 
distribution analysis instead of the quasi-static analysis; mainly due to the generation 
of multipoles. Based on the results demonstrated in Fig. 3.5 (a) - (h) we shall discuss 
the detail dynamics considering a specific case: φ =60 degree.               




   In Fig. 3.5 (d) and (h) we have plotted the difference of the bulk Lorentz force, 
which clearly suggests that the total binding force is dominated by the bulk part of 
Lorentz force [which is in contrast with the commonly observed dominance of 
surface [114]/ polarization charge induced force [109] for plasmonic objects]. This 
force can be considered as the scattering force part [114, 143] of the total force, 
which is physically originating from the multiple scattering between the smaller and 
the bigger object. Fig. 3.5 (c) and (g) suggest that during the anti-bonding resonance 
mode, the directive forward scattering of the bigger object is much higher than the 
smaller object. Surface charge plots in Fig. 3.6 suggest that for the parallel polarized 
illumination, during the wavelength spectrum around 350 nm to 470 nm, constructive 
interference occurs due to dipole quadrupole resonance. Though this is not super-
scattering [40], it is recognized that the forward scattering of the bigger object 
increases during this spectra [cf. the extinction spectra in Fig. 3.4(g) where the 
magnitude of extinction co-efficient increases for higher rotation angles during this 
specific spectrum regime]. On the other hand, exactly opposite scenario takes place 
for the bonding mode resonance. For example- at higher wavelength regime, during 
bonding mode resonance, the smaller object even experiences optical pulling force 
[cf. Fig. 3.5(c) and (g)] because of: (i) very strong effective forward scattering along 
with (ii) more reflected light from the bigger object. 
   It is observed that the reversal wavelength of the optical binding type force FBind (y) 
(BR)= (FB (y)-FS (y)) remains almost fixed along with the spectral dip position [cf. Fig. 
3.4(c), (d) and (g), (h)], though the bonding mode resonance blue shifts gradually 
with the rotation of the bigger object. Moreover, very similar to ref [22], the reversal 
of the phase of the steady state current takes place near the spectral dip in our 
heterodimer set-ups as shown in Fig. 3.6 (m)-(r), though it is constructive dipole 
quadrupole resonance instead of destructive one. 
 





Fig. 3.5:  SR and BR represent ‘small rotate’ and ‘big rotate’ respectively. For off 
axis Ag-Au and BR [the configuration of Fig.3.1 (d) and ‘ȹ’ = 60 degree]: 
Considering perpendicular polarized light (a) Extinction co-efficient (b) The binding 
force FBind (y) (BR) (c) Time averaged force on each particle. (d) Difference of bulk 
Lorentz force. Considering parallel polarized light for same configuration (e) 
Extinction co-efficient (f) The binding force FBind (y) (BR) (g) Time averaged force on 









Fig. 3.6:  For off axis Ag-Au and by rotating the big particle [the configuration of 
Fig.3.1 (d) and ‘ȹ’ = 60 degree]: Considering parallel polarized light, from left first 
two columns represent surface charges [(a)-(l)] and the third column represents steady 
state current [(m)-(r)]. We have chosen six wavelengths for six different rows (from 
top to bottom): 338, 354, 400, 457, 485 and 612 nm. Charge distributions: (a) QQ (b) 
DQ (c) DQ (d) DQ (e) QQ (f) DD; where Q and D mean quadrupole and dipole 
respectively. 
 




3.5 Simplest procedure to reverse the longitudinal 
binding force for all the off-axis heterodimers 
 
    So far we have shown that: when the bigger object is rotated and the propagating 
light is perturbed by the smaller object at first, for only Ag-Au and Ag-Ag off-axis 
heterodimers reversal of longitudinal binding force occurs [i.e. the dynamics of Ag-
Ag and Au-Au heterodimers has been shown in Fig. 3.7 and 3.8 respectively]. 
Especially after the anti-bonding resonance mode, the longitudinal binding force is 
observed always repulsive for such heterodimers. On the other hand, for Au-Au 
heterodimers this force is always repulsive for such configuration for the whole 
visible wavelength spectrum.  
   In contrast, when the smaller object is rotated and the propagating light is perturbed 
by the bigger object at first, for all the spherical heterodimers no reversal of 
longitudinal binding force occurs. Binding force is always attractive for such 
configuration.  
   So, (1) if we consider the higher wavelength regions and change the direction of 
propagating light manually by bringing the light source from one side of the dimers to 
another side, it will be easily possible to observe the mutual repulsion and attraction 
of all the heterodimer sets just due to the automatic change of the relative dimer 
position of smaller and bigger objects. Or (2) simply by changing the relative 
orientation of the heterodimers manually (not light propagation direction), it is also 
possible to observe such reversal at higher wavelength regions. Such simplest 
controls of force reversal due to ‘forced broken symmetry’ are certainly impossible 
with the plasmonic homo-dimers. 





Fig 3.7: Reversal of longitudinal binding force for off-axis Ag-Ag heterodimers [cf. 
Fig. 3.1 (f)] for both polarizations. 
 
 
Fig. 3.8: (a) and (c): extinction coefficient of off-axis [only ȹ =90 degree case shown 
here] Au-Au hetero-dimers [cf. the configuration of Fig. 3.1(e)]. (b) and (d): 
Longitudinal binding force on off-axis [only ȹ =90 degree case shown here] Au-Au 
hetero-dimers. 





   In order to identify the conclusions of this chapter at a glance, we have listed our 
key observations in Table-3.1. It is expected that binding force reversal should occur 
almost for all the spherical heterodimer structures due to the presence of bonding and 
anti-bonding mode in the visible spectra. But our work suggests that reversal of 
lateral (for on-axis heterodimers) and longitudinal (for off-axis heterodimers) binding 
force of symmetry broken heterodimers follow fully different key 
parameters/mechanisms; i.e. later one depends on relative orientation and 
constructive dipole-quadrupole resonance but the former one on light polarization and 
the induced electric resonance. Most importantly, the reversal of longitudinal binding 
force can be easily controlled due to forced symmetry breaking just by changing the 
direction of wave propagation for a specific set-up of off-axis heterodimers or by 
changing their relative orientation.   
   In addition, though it is commonly believed that plasmonic forces mostly arise from 
the surface force and Fano resonance can be a promising way to achieve binding 
force reversal, our study based on Lorentz force dynamics suggests notably opposite 
proposals for the case of plasmonic spherical heterodimers. Notably, the longitudinal 
binding force of spherical heterodimers originates almost fully from the difference of 
the bulk part of Lorentz force, which strongly suggests the connection of bulk 
Lorentz force with the scattering force. As much study has not been done on the 
connection of Lorentz force with gradient and scattering forces, this work may open a 
new window for such investigations. 
 
 
                                                                                                                                                                  






Problem with Lorentz Force due to Material 
Background: Interfacial Tractor Beam  
 
4.0 Summary of Chapter 4 
In previous two chapters applications of Lorentz force have been demonstrated 
considering dielectric and plasmonic particles placed in air, where the well-known 
Lorentz force has led to accurate and consistent result. In this chapter, we consider a 
particle sub-merged into an inhomogeneous background composed of two different 
dielectric materials instead of air. Interestingly, the well-known Lorentz force leads to 
time averaged pushing force instead of the experimentally observed pulling force for 
the half immersed objects. As a result, two alternative approaches of force calculation 
other than commonly used external Minkowski stress tensor method have been 
implemented. For example- Ray tracing method is adopted to capture the direct 
process of momentum transfer from the complex background media, which is 
validated by the proposed modified Einstein-Laub method only employing interior 
fields of the particle in calculation. Our suggested interpretation supports the 
Minkowski approach only for the purpose of optical momentum transfer to the 
embedded scatterer rejecting Peierls’ and Abraham’s approach, although the 
momentum of photon in the continuous background medium should be considered as 
the type of Abraham for the calculation of the bulk part of Lorentz volumetric force 
distribution. 





Following the pioneering work of Marston in acoustics [144], optical “tractor beams” 
have attracted much interest due to their unusual mechanism in micromanipulation 
[16,25,30-33,36,59,62,90,145,146]. Generally speaking, a tractor beam is a 
customized light beam which exerts a negative scattering force (NSF) to a scatterer 
and pulling it opposite to the propagation direction of light, in contrast with to the 
conventional pushing forces [147]. Optical pulling force opens up a new way for 
gradientless optical manipulation technique distinct from optical tweezers [1,2,9], 
optical conveyor [33, 60,148], or nano-opto-mechanical systems [76, 149]. Recently, 
different types of tractor beam have been experimentally demonstrated using a 
Gaussian beam with an optical mirror (interfering incident and reflecting lights in 
certain limited regions) [36] and with dodecane droplets sitting on the dielectric 
interface [35]. However, in the presence of high power laser, the hydrodynamic 
effects (uneven heat dissipation, particle absorption, temperature gradient, liquid 
convection, surface energy well, etc.) may contribute too. Moreover, the stability 
criteria of the tractor beams have also not been investigated so far, which is very 
important for practical application purposes. 
Though the mechanical effect has been demonstrated [35] as an overall 
consequence of all possible contributing factors, the mechanism of optical momentum 
transfer from a mixed bi-medium background (air and water) to a partially sub-
merged particle is still unclear, particularly in the issue of what proper stress tensor 
and volumetric force law (i.e. Lorentz force) should be adopted for non-vacuum 
backgrounds. This motivates us to investigate the fundamental physics governing the 
momentum transfer from light to particle within an inhomogeneous (mixed) 
background matter, which leads to stimulating debates of Abraham-Minkowski 
controversy [27, 49,50, 58, 150-153]. In general, both Minkowskian [27, 50,153] and 




non-Minkowskian [49, 90] formulations have been supported for the purpose of 
measuring the optical momentum transfer from homogenous background to an 
embedded particle. After a century of debate, it is not yet known hitherto which stress 
tensor (ST), volumetric force law (i.e. Lorentz force) and photon momentum scheme 
in matter should be the most appropriate one (e.g., Table 1 given in Ref. [27] and 
Table-1.1 in the introduction chapter of this thesis). It appears that since the 
identification of adequate 'particle momenta' is quite ambiguous and challenging 
[154], a recent resolution of the Abraham-Minkowski dilemma [58] still cannot 
address adequately the appropriate ST and volumetric Lorentz force law to be 
employed in complex (mixed) backgrounds [154, 155].   
In this context, it is valuable to pursue a simplified optical configuration without 
those limitations or implications discussed above, in which we can discuss the 
mechanical light-matter interaction isolate. For this purpose, we investigate the light 
momentum transfer and related optical force on a transparent scatter floating on a 
dielectric liquid-gas interface [33-35], as shown in Fig. 4.1(a). Although Webb et al. 
[90, 155] have supported Abraham photon momentum (APM) as an appropriate one 
for the purpose of optical momentum transfer from homogenous background to an 
embedded particle, we have shown that optical momentum transfer for our case is 
more appropriate to consider as the transfer of Minkowski photon momentum 
(MPM). Interestingly, non-Minkowskian formulations such as external Chu stress 
tensor and the well-known Lorentz force show pushing force, which contradicts the 
experimental observation in [35]. As a result, two alternative approaches of force 
calculation other than external Minkowski stress tensor method have been 
implemented in this chapter. Detailed calculations by ray tracing method and 
modified Einstein-Laub equations (using the interior fields only for the latter one) 
show that negative pulling force and optical tractor beam is natural in our scheme.  




    However, our suggested interpretation supports the Minkowski approach only 
for the purpose of optical momentum transfer (or emission) to (from) the embedded 
scatterer (near the scatterer and the dielectric interface) rejecting Peierls’ and 
Abraham’s approach although the momentum of photon in the continuous 
background medium should be considered as the type of Abraham for the calculation 
of the bulk part of Lorentz volumetric force distribution. Since this scheme can be 
extended to any gas-liquid interface, we name our tractor beam “interfacial tractor 
beam” (ITB). The importance of this scheme is not only for that the tractor beam per 
se becomes practically realizable but also for that there is a clear-cut insight specially 
based on photon momentum for practical implementation [43].  
 
 
Fig. 4.1:  (a) Schematic of photon momentum transfer in an inhomogeneous mixer 
background. 1 ,1 ,1i r tA  and 2 ,2 ,2i r tA  denote the propagation direction of the incident, 
reflection, and transmission at point 1 and 2, respectively [43] (lengths of the arrows 
indicating mn , the refractive index of the associated medium). 1,2  describe the angles of incident and transmission rays with x  axis. (b) Ray tracing patterns of the 
system with an 1 20    with 0 .7 5y xr r  (rx and ry are the semi axes of the scatter 
along the x and y directions, respectively), 1 1n  , 2 1.33n  , and 3 1.45n  . The 
black (solid) and red (dashed) lines show the incident and refractions rays, 




respectively. (c) The same as (b) except for 1 20    . Figures adapted and 
reproduced with permission from ref. [43], © 2015, Nature publishing group. 
 
4.2 Ray Tracing Method and Minkowski Stress Tensor 
by Employing Background Fields 
 
The proposed background mixture is illustrated in Fig. 4.1(a). The scatterer (with 
refractive index of 3n ) is suspended at the interface of a liquid (e.g., water, with a 
refractive index of 2n ) and a gas (e.g., air, 1n ). The incident and the scattered beams 
may lie in different mediums (also shown in the ray tracing patterns of Fig. 4.1(b) & 
(c)). Therefore, not only the direction but also the amplitude of the momentum of the 
light is changed. Without loss of generality, we restrict the calculation mostly in two 
dimensional structures for clarity.  
In the ray tracing method [43], the momentum of a photon in each medium 
should be clearly defined first of all. Generally, the momentums 1,2p  carried by a 
photon in medium-1 and -2 respectively are 
                 1 1 0 1 2 2 0 2,p p p pc c
                              (4.1) 
Here  ,   and c  are reduced Planck constant, angular frequency, and light velocity 
in vacuum, respectively. 0p c  is the momentum of the photon in vacuum. For 
the material related constants 1,2 , however, different values are proposed and there 
is also a long standing controversy on this point [24, 27, 29], such as n   for 




Minkowski formula [27, 50,152], 1n   for Abraham formula [27, 50,152], and 
   2 44 7 10n n n n     for Peierls formula [158, 159].     
     In order to calculate the momentum transfer and corresponding forces 
quantitatively, we set the mediums of gas, liquid and scatterer to be air, water and 
silicon sphere with 1 1.0n  , 2 1.33n  , and 3 1.45n  , respectively. Using the ray 
tracing method [43], all the rays illuminated on the scatter are traced (as illustrated in 
Fig. 4.1(b) and (c)), and momentum changes and in turn the optical force are 
calculated correspondingly.  
      Fig. 4.2(a) shows that the Minkowski and Abraham momentums are the upper 
and lower boundaries, respectively; while the Peierls momentum is about the average 
value of them. Using the above momentum formulations (Minkowski, Abraham and 
Pierels), the forces of xF  can be calculated by using the ray tracing method, and the 
results are shown in Fig. 4.2(b). It is seen that only the Minkowski momentum results 
in a negative pulling force in a wide range of incident angles while those of Abraham 
and Peierls momentums result in positive pushing forces regardless of the incident 
angles.  
    
Fig. 4.2:  (a) Changes of momentum per photon in materials with a refractive index n 
for Minkowski (blue), Abraham (red) and Peierls (black) formulations, respectively. 
(b) Optical forces (s-polarization) calculated by ray tracing simulations when 
Minkowski (blue), Abraham (red), and Peierls (black) momentums are used. Figures 
adapted and reproduced with permission from ref. [43], © 2015, Nature publishing 
group. 




         Fig. 4.3(a) shows the changes of xF  with the shape of the scatter at the case of 
1 0  . When 0.425 / 0.775y xr r  , both p and s  polarizations can produce 
negative force. Fig. 4.3(d) shows the force changes with incident angle on a circular 
scatter with x yr r , and NSF are achieved within a broad incident direction.  
 
  
Fig. 4.3: Optical forces derived from different formulas. The parameters are 1 1.0n  , 
2 1.33n  , 3 1.45n  , and 0  , unless otherwise specified. (a) Optical forces change 
with the shape /y xr r  at 1 0  . The forces are calculated using the ray tracing method, 
in which the Minkowski momentum approach of photon is adopted. (b) Optical forces 
changing with incident direction 1  for the p polarization calculated by the internal 
modified Einstein-Laub formula (MEL, circle line) proposed in this chapter, volume 
integration of Lorentz force density (Lorentz, triangle line), external Chu ST (Chu, 
asterisk line), as well as external Minkowski ST (Minkowski, square line). The size 
of the scatter is 2.0xr  μm and 0.4yr  μm (as shown in (c)). (c) Field pattern for the 
Hz at the case of 1 30    . (d) Optical forces changing with the incident direction 1  
for a circular scatter of 2.0x yr r  μm. The forces are calculated by ray tracing 
method. (e, f) The same as (b, c) respectively, except force 2.0yr  μm. Figures 
adapted and reproduced with permission from ref. [43], © 2015, Nature publishing 
group. 
 




    These results agree with the analysis above. In order to calculate the force using 
ST’s, we calculate the scattering using the finite difference in time domain (FDTD) 
method with a plane wave incidence for a circular scatter (with the semi axis along x 
direction of rx, and y direction of ry of 2.0x yr r   μm) and an ellipse scatter (with 
2xr  μm and 0.4yr  μm). Then, the optical force experienced by the particles are 
calculated by the integration of time averaged external Minkowski stress tensor on a 
closed contour [see the dashed rectangles in Fig. 4.3© and 4.3(f)] surrounding the 
scatterer, 
 
           * * * *1 ( )] (41 Re[2 .2)2     IT DE BH E D H B  
  
The calculated forces for the elliptical and circular scatters are shown in Fig. 
4.3(b) and 4.3(e) (square lines), respectively, and good agreements with ray tracing 
method are observed. Here, s-polarization results are not shown, since they are 
similar to those of p-polarization case. In the calculation, local permittivity and 
permeability are used along the integration paths (as shown in Fig. 4.3(c) and (f)). 
Fig. 4.3(c) and (f) show the field pattern of zH  scatterer at the case of 1 30    for 
the circular and elliptical scatterers, respectively. The arrows show the element force 
vector on the closed contour, along which the total net force xF  is calculated by 
integration. One can find that most part of the pulling force is exerted when the 
photons left the scatterer, which agrees with our analysis.  
 
4.3 Explanation of the Observations and the Two 
Photon Momenta 




    It is important to note that a previous analysis and the experimental observation in 
[35] cannot tell that the travelling momentum of the photon inside the continuous 
second background (water) is the Minkowski one. Previously for one same 
experiment (Jones and Leslie experiment [154, 155]), the optical force density 
formula based approaches have supported the transfer of both APM [155] and MPM 
[154]. Such ambiguities for the transfer of photon momentum from the background 
can only be overcome by direct photon momentum approach [27] such as the ray 
tracing method, which is the main purpose of our previous section. But surprisingly, 
for this ITB experiment [35], the force felt by the embedding water medium can also 
be calculated using Einstein-Laub formula employing the field inside water, which 
indeed supports APM (Cf. Eq (21) given in [155] and also ref. [161]). If the force of a 
lossless continuous medium is calculated via Minkowski ST (associated with MPM) 
employing interior fields, it gives zero experienced force. In the ITB experiment, at 
the interface of the scatterer and the water [35], MPM should arise due to the reduced 
impedance mismatch [162]. In fact, MPM generates a translation of the 
electromagnetic field [151]. This translation, relative to the host, is exactly the 
quantity required to represent the displacement of an embedded object [58]. As a 
result, MPM appears in almost all the major radiation pressure experiments that 
measure the displacement of an embedded object [58, 151].  
   In this discussion, it is important to mention the experimental observations of 
Ashkin and Dziedzic regarding the force density distribution in water [47], which 
support the Einstein–Laub force– density expression associated with the APM, 
according to Mansuripur et al. [161]. So, the connection of APM is related with the 
force distribution inside water medium, which suggests the role of APM as the pure 
electromagnetic part of photon momentum in a continuous medium. Therefore, the 
experimental observation of a pulling force on the scatterer in Ref. [35] indeed cannot 
prove that the MPM is the only correct photon momentum. In fact, both the MPM and 
the APM are probably correct, but their functionalities are quite different. 





4.4 The Validity of Other Methods 
Hereto, the transfer of optical momentum has been calculated based on 
Minkowski photon momentum approach, which is also in good agreement with the 
experimental observations reported in [35]. Surprisingly, any other photon 
momentum (Abraham or Peierls) does not predict optical pulling force (see Fig. 
4.2(a) and (b)). In addition, force calculation results based on Lorentz vlumetric 
formula and external Chu ST shown in Fig. 4.3(b) and (e) do not guarantee negative 
forces, which are calculated by the force density integration of Lorentz force density 
(from the interior of the embedded particle) and external Chu’s ST (from exterior of 
the embedded particle) [27] (external Nelson [163] ST leads to the same result). 
Although external Chu ST employing exterior fields shows optical pulling force for 
the 2D circle case (Fig. 4.3(e)), it shows pushing force for the 2D ellipse (Fig. 4.3(b)).  
 
4.5 Modified Einstein-Laub Stress Tensor by 
Employing Interior Fields of the Scatterer 
Another method to calculate the optical force unambiguously is using the force 
density inside the scatterer. Surprisingly, the time averaged Lorentz force [44] of the 
embedded particle also fails to provide the accurate result of total mechanical force, 
as shown in Fig. 4.3 (b) and (e). It appears that the Lorentz force reported in [44] 
(actually Chu force for nonmagnetic media [27]) is applicable only when the 
background media is air. If the background media is not air, Lorentz force [44] for 
the interior of the embedded particle should be modified (which will be discussed in 
details in the next chapter of this thesis). According to our point of view, the interior 




mechanical force should be calculated via the proposed time averaged modified 
Einstein-Laub (MEL) stress tensor [164]: 
          MTotal EL
1 Re[ (in) ]2 d  SF T                          (4.3) 
Where 2MEL * * 2(in) 1 ( )2in in in i in inn b b   D E ET B H H I , b  and b  are permeability 
and permittivity of the background medium of a particle, and I  is the unit tensor. In 
our setup, they are the local permeability and permittivity of air and water defined 
respectively in the specific 2D configuration of full wave simulation [Fig. 4.3(b) and 
(e)]. The quantities Ein, Hin , Din & Bin are at the interior of the silica particle. The 
calculations via MEL stress tensor from the interior are fully in agreement with ray 
tracing method and Minkowski formulations from the exterior (see Fig.4.3(b), (e)). 




In summary, our suggested interpretation supports the Minkowski approach only for 
the purpose of optical momentum transfer (or emission) to (from) the embedded 
scatterer (near the scatterer and the dielectric interface) rejecting Peierls’ and 
Abraham’s approach, although the momentum of photon in the continuous water 
background medium should be considered as the type of Abraham for the purpose of 
calculating the bulk part of Lorentz volumetric force. Interestingly, the well-known 
Lorentz force leads to time averaged pushing force instead of the experimentally 
observed pulling force for the half immersed objects. As a result, two alternative 
approaches of force calculation other than external Minkowski stress tensor method 
have been implemented. We believe that our proposal is very effective in order to 




resolve not only the Abraham-Minkowski photon momentum dilemma but also the 
dilemma associated stress tensors and optical force including interfacial tractor 
beams. 






Modification of Lorentz Force for embedded 
chiral and achiral objects 
 
5.0 Summary of Chapter 5 
Although it is commonly believed that all the Lorentz volumetric force laws lead to 
the same total optical force for both chiral and achiral objects, this idea has been 
invalidated in the recent review by M.Bethune-Waddell and K. Chau [cf. Rep. Prog. 
Phys. 78, 122401 (2015)] discussing several previous experiments. In our previous 
chapter we have also shown one example of such cases. To identify the exact reason 
of such significant disagreements, we inspect in this chapter two tractor beam and one 
lateral force experiments on using distinct stress tensors (STs). In this chapter we 
have identified the exact reasons of such disagreements. We propose that it is 
possible to make different time-averaged force formulas equivalent based on the 
fulfilment of just two ‘consistency conditions’. Finally, we demonstrate that by 
modifying the Einstein-Laub or Chu formulation, time-averaged STs and volume 
forces are obtainable those can overcome the aforementioned inconsistency for both 
chiral and achiral Mie objects embedded in even complex material backgrounds. Our 
work presented in this chapter also explains why such modification should be adopted 
for Chu or Einstein-Laub formulations in order to obtain an accurate and reliable 
time-averaged total force, both in magnitude and direction, on both chiral and achiral 
objects embedded in a generic material background. 






A tractor beam is a customized light beam which exerts negative force to a 
scatterer [24, 25, 32-36, 43, 59, 62,165] and pulling it opposite to the propagation 
direction of light, in contrast to the conventional pushing forces. Not only the counter 
intuitive idea of optical pulling (i.e. tractor beam effect) but also the idea of optical 
lateral force [166-169] is also growing famous in recent literature. Tractor beam and 
lateral force experiments, which involve the material background [35, 36, 24, 166], 
can also be investigated in details to understand the persistently debated roles of 
different STs, Lorentz/ volumetric forces and photon momenta such as Abraham-
Minkowski controversy [27, 28, 57, 58]; as the employment of inappropriate 
approach may lead to pushing force (or inconsistent lateral force) instead of the 
experimentally observed pulling one (or consistent lateral force). Throughout this 
thesis we refer to 'exterior' or 'outside' magnitudes as those evaluated outside the 
volume of the embedded macroscopic object, while by ‘interior’ or 'intside' we shall 
refer to those quantities inside this object volume [cf. the force calculation process in 
Fig.5.1 (a) - (c)]. Although it is commonly believed all the volume force laws [27, 
170] (i.e. Minkowski, Abraham, Chu, Einstein-Laub and Ampere/Nelson) should lead 
to the same time averaged total optical force, this idea has been invalidated in recent 
works [43, 28] considering several experimental set-ups [28] involving material 
background. In fact, if one involves the material background; several complexities 
arise:  
   (i) In order to calculate the total force on an embedded object, normally two 
conventions, i.e., GAP METHOD AND NO GAP METHOD, are applied [26, 78, 
170-173] but which one is more accurate than the other is still not properly 
understood: (a) GAP METHOD [78,170,172,173]: By introducing a very small gap 




between the scatterer and the background to yield the force as shown in Fig. 5.1(a). 
(b) NO GAP METHOD [26, 28, 35, 36, 43, 166, 171]: Without introducing any small 
gap outside the embedded scatterer as shown in Fig. 5.1(b) and (c). Between these 
two distinct methods, which one is more appropriate?  
  (ii) In addition, the involvement of chirality [19,20,77,174-181] can be a key factor 
to judge the consistency of the optical force calculation methods which are 
considered applicable for embedded achiral objects. Previous analyses of optical 
force in chiral objects are still restricted in these factors: (a) the dipolar limit of object 
[167,175,176], (b) air or vacuum background [77,174-181] and (c) internal force 
distribution inside a slab embedded in air [77,181]. But the stress tensor and force 
distribution inside any arbitrary generic embedded chiral object [i.e. more complex 
than Mie object which are used in real experiments [19, 20]] are still not investigated 
in details.   
This chapter attempts to solve the aforementioned complexities. We demonstrate that 
even without introducing any artificial gap between the background and the 
embedded object, it is possible to make different time-averaged force formulas 
equivalent based on the fulfilment of just two ‘consistency conditions’ [denoted as 
C(I) and C(II) with details shown below]. This may also solve the reported problems 
[28, 35, 43] of total force calculation for almost all the real experiments conducted so 
far involving a material background.  In addition, this work introduces the less time 
and memory consuming internal Modified Einstein-Laub (MEL) stress tensor 
method, (rather than the longer time consuming bulk volumetric force method [26, 








5.2 Proposal of Consistency Conditions 
 
 
Fig. 5.1: Procedure of time averaged optical force calculation by employing stress 
tensors. (a) GAP METHOD: a small gap between the scatterer and the background 
should be considered. Time averaged total force on the scatterer should be calculated 
using the time-averaged ST GAPoutF  evaluated from fields strictly outside the object 
[i.e. gap field and background field], putting the integration boundary in the gap 
[170] (black dashed circle). However, the volume force calculation method is a little 
bit different, which is discussed in details in [78]. (b) and (c) NO GAP METHOD: In 
both examples the total force obtained by using the time-averaged ST is outF  
evaluated from fields strictly outside the object considering no gap, at 
1.001r a a  , (black circles); whereas this force is inF  or bulk force when the 
ST is determined from fields strictly inside the object considering no gap at 
0.999r a a  (white circles). In (b), a sphere or cylinder is immersed in an 
unbounded and heterogeneous background medium. In (c) a core-shell sphere or 
cylinder (i.e., the core is embedded in a bounded background).  
 
      One of the fundamental proposals of this chapter is: if  inT  [applied at r=a- 
employing only the interior field of a scatterer, where a is the particle radius; cf. Fig. 
5.1 (b) and (c)] is a valid internal stress tensor and f (in) is its corresponding volume 
force; and (out)T  is a valid external stress tensor which is applied at r=a+ using only 
exterior fields of an object; then the following ‘validity condition’ should be fulfilled: 
 “On the boundary r= a of any object, this equation:   Surfaceˆ[ (out) in ]  T T n f  
should hold ( nˆ  being the local unit outward normal of the object surface). Also, the 
same surface force Surfacef  should independently be found from the volume force 




density f (in) by applying the appropriate boundary conditions at r= a. These two 
aforementioned conditions must be satisfied simultaneously.” 
     For example- in [182], the process of obtaining Surfacef  has been shown only from 
a volumetric force density stemming from the well-known Chu and Einstein-Laub 
force, and by considering only air as the background. 
    At the beginning of Appendix A (at the end of this thesis) it is shown that when the 
background is air, the difference of the external ST (notice that then all STs are same) 
and the internal ST of Chu (and of Einstein-Laub) at the object boundary is in 
complete agreement with the fully independently calculated surface force given by 
the volumetric formulation of Chu and Einstein-Laub. But when material background 
is involved: the first question should be: Q(I) which  (out)T  should be appropriate? 
Then the second question is: Q(II) If 
     Bulk Bulk in in in 0dv d     F f T s  
; which  inT , along with its corresponding f, will satisfy these two following 
‘consistency conditions’ simultaneously: C(I) the aforementioned ‘validity condition’ 
and  C(II) the consistent time-averaged force equation: 
      Total Bulk Surface   out Consistent ind   T s F = F F ?  In this chapter we show 
that when the background is a material medium instead of air, (out)T  and  inT  
cannot be arbitrary STs which satisfy C(I) and C(II) simultaneously. 
      Concerning Q(I), in order to sort out the appropriate ST (out)T , we investigate 
two major tractor beam experiments [35, 36] along with the recent set-up of a lateral 
force experiment [166]. We identify that the vacuum ST [170] of the GAP method 
leads to inconsistent results for tractor beams and lateral force experiments, 
especially when the symmetry is broken [35,166]. Both external Minkowski and 




Abraham STs of a NO GAP METHOD lead to a consistent time-averaged total force 
for all those experiments, (and also for all previous experiments [28,46]). However, 
this does not mean external STs other than Minkowski (or Abraham) are incorrect. As 
a result, even to sort out appropriate (out)T , it is required to satisfy aforementioned 
consistency conditions C(I) and C(II) simultaneously. Now, we shall consider Q(II). 
As always      Bulk Bulk in in in 0dv d     F f T s  for internal Minkowski ST for 
the transparent/non-absorbing objects, to sort out the appropriate  inT  [and also 
(out)T of Q(I)] we examine several cases for an object embedded in material 
background [19,20, 28,35,36,46, 84,97, 98, 183,184,185, 186].  
      For example- condition C(I) has been violated when: (i) (out)T  is considered 
Mink.(out)T  and  inT  is well known internal Chu or Einstein-Laub ST; and (ii) 
(out)T  and  inT  both are considered ELT respectively. More details will be 
discussed later. In contrast, C(II) is seriously violated when: (iii) (out)T  and  inT  
both are considered ChuT respectively. More details will be discussed later. (iv) 
Already we have discussed very shortly that external vacuum ST of GAP METHOD 
violates the left hand side equation of C(II). These are identified as the main reasons 
of disagreements observed in [28] and [46] for different volumetric force laws.  
        Finally we demonstrate that when  Bulk in 0F ; to satisfy C(I) and C(II) 
simultaneously for a chiral or achiral Mie scatterer embedded in generic material 
backgrounds [i.e. homogeneous, heterogeneous, bounded or unbounded], (out)T
should be considered as Minkowski ST and  inT  should be the modified version of 
Einstein-Laub (or Chu) formulation along with modified f(in). So, in order to satisfy 
both C(I) and C(II) simultaneously, (out)T  and  inT  cannot have the same form 




for embedded transparent/non-absorbing scatterers. To explain the last observation 
for realistic situations [19,20, 28,35,36,46, 84,97, 98, 183- 186], we conclude at the 
end: though both the external Minkowski (and Abraham) ST and proposed internal 
MEL (and Modified Chu) methods lead to the same consistent time-averaged total 
force [i.e. they are mathematically equivalent], they should better be considered two 
fully different operations/process from the physical point of view. 
 




Fig. 5.2:  (a) Optical sorting of a dielectric particle using two obliquely incident plane 
waves reported in [36]. The external force will be calculated based on NO GAP 
METHOD. Two TE-polarized plane waves (  = 532 nm) incident at varying angle 
  onto a polystyrene cylinder (n = 1.58) immersed in water (n = 1.33), shown: (b) 
For r = 320 nm, at steady state when the plane waves exert a pushing force in the +x 
direction. Force on the bead calculated by external Minkowski, Einstein–Laub, Chu, 
and Ampere/Nelson ST for TE polarization as a function of incident angle  . (c) For 
r = 410 nm, at steady state when the plane waves exert a pulling force in the −x 
direction. Force on the bead calculated by external Minkowski, Einstein–Laub, Chu, 
and Ampere/Nelson ST for TE polarization as a function of incident angle  . Pulling 
forces are only achieved for TE polarization within a short range of angles 
experimentally observed in [36]. 
 
 
In this section we investigate the consistency of the total force calculation for one 
tractor beam experiment [36] and one lateral force experiment [166] by the major 




stress tensors namely: external Minkowski, Chu, Ampere and Einstein-Laub with NO 
GAP METHOD [cf. Fig.5.1(b) and (c)]. All the 3D simulations throughout this 
chapter are conducted using incident power of 0.57mW/µm2. For example- the 
external time averaged total outside force by commonly applied Minkowski ST is 
written as [35,36,43,166]:  
                   outTotal Minkout ,d F T s                                                          (5.1a)                                        
          out * * * *Mink out out out out out out out out1 1Re2 2        T D E B H B H D E I .                (5.1b) 
 
‘out’ stands for fields outside the object, [e.g., on r=a+, if it is a sphere or cylinder of 
radius a, cf. Fig. 5.1(b)] and I is the unity tensor. The electromagnetic vectors in Eq 
(5.1b) correspond to the total field, namely, incident plus field scattered by the body. 
For the force calculations with other stress tensors (i.e. external Chu, Ampere and 
Einstein-Laub), we shall also use this ‘total’ outside fields. 
      Without introducing any small gap (named as NO GAP METHOD in the 
introduction), total force has been calculated by different external stress tensors for 
two beam tractor configuration reported in [36] in Fig. 5.2(a) - (c) and also for lateral 
force experiment [166] configuration in Fig. 5.3(a)-(c). Though Minkowski’s (or 
Abraham’s) formulation leads to the most accurate time averaged force for some 
other experiments [2,35, 36, 47, 55,56] reported in [28]; for two tractor beam [36] and 
lateral force experiments [166] it may not be possible to recognize which one is the 
most consistent external ST. Due to the very big size of the object [166] considered in 
the real lateral force experiment [special technique has been applied in the first ref. of 
[166] due to the big size of particle: 4500 nm], we are modeling that same set-up with 
comparatively small sized object [cf. the second reference in [166], where a small 
object has been considered]. However, we are considering two cases: spherical and 
elliptical object to check the consistency of the lateral force considering the arbitrary 




shape of the testing object. Previously for interfacial tractor beam experiment [35,43], 
only external Minkowski ST lead to the accurate prediction for arbitrary shaped 
objects [35,43] modelled as spherical and elliptical shaped objects. Though there is no 
difference among the signs of the total forces for the experiments reported in [36] and 
[166], their magnitudes are observed quite different in Fig. 5.2(b), (c) [two beam 
tractor] and in Fig. 5.3 (b), (c) [lateral force]. But the important fact is that: For the 
NO GAP METHOD: (A) The size based sorting of embedded particles by two beam 
method [cf. supplement of ref. [36]] is consistently predicted by all external STs. (B) 
The sign change of the force for two different handedness of polarizations observed 
for lateral force experiment [166] has also been correctly predicted by all external STs 
for spherical and elliptical objects respectively. In Fig. 3(a) given in the second ref. of 
[166], for 1500 nm sized object, a single direction of lateral force has been observed 
for a single handedness of circularly polarized light (consistent with our observation). 
These aforementioned observations will be imperative for our next investigation: the 
consistency of GAP METHOD for the tractor beam experiments [35,36] and the 
lateral force experiment [166]. 
 





Fig. 5.3: (a) 3D Illumination geometry for a particle at the interface between two 
media to model the lateral force set-up in [166]. Either a right-handed or a left-handed 
circularly polarized (CP) beam of wavelength 1064 nm is incident along the x–z plane 
at angle 1 . k1 and k2 are wave vectors in media 1 and 2, respectively. The external 
force has been calculated based on the NO GAP METHOD. (b) Transversal force 
(negative for a left- handed CP and positive for right-handed CP) as a function of 
angle of incidence for a 500 nm (radius) spherical TiO2 particle located at the water–
air interface calculated by external Minkowski, Einstein–Laub, Chu, and 
Ampere/Nelson ST. The Minkowski and Einstein-Laub STs predict a smaller lateral 
force in comparison with the time-averaged force yield by the external Chu and 
Ampere ST. (c) Transversal force, (negative for left-handed CP and positive for right-
handed CP) as a function of the angle of incidence for an elliptical polystyrene (PS) 
particle [rx=800 nm and ry=rz=(800/3) nm] located at the water–air interface, 
calculated by external Minkowski, Einstein–Laub, Chu, and Ampere STs. The 
Minkowski and Einstein-Laub STs predict lower lateral force in comparison with the 
time-averaged force yielded by the external Chu and Ampere STs. 
 
 
5.4 Inconsistency of the GAP METHOD and different 
other formulations 
 





Fig. 5.4: Illustration of optical force with GAP METHOD. (a) Optical force for a 2D 
spherical shaped scatterer placed in air-water interface (cf. Fig. 2(d) and Fig. 2(e) 
given in [43]). The parameters are n1=1.0, n2=1.33, n3=1.45. The variation in the 
optical forces with the incident angle [43] for the p-polarization case, as calculated 
via the external vacuum stress tensor considering a small gap of 2 nm [the possible 
smallest gap with 2D full wave simulation set-up; gap size << incident wavelength] 
between the scatterer and the water background. The size of the scatterer is defined 
by rx = ry =2.0 μm [3]. Instead of optical pulling [43], optical pushing is achieved 
based on GAP METHOD. We have also examined our results by varying the size of 
the artificial gap, (i.e. 6nm, 10 nm and 20 nm). The results are almost same for all 
those gaps. (b) Optical force (by vacuum ST) of a 3D dielectric particle given in Fig. 
5.2(c) using two obliquely incident plane waves but considering a small gap of 10 nm 
[possible smallest gap with 3D full wave simulation set-up; gap size << incident 
wavelength] between water background and the embedded scatterer. Both GAP and 
NO GAP METHOD lead to consistent result. (c) For the 3D set-up of Fig. 5.3(b), the 
time averaged lateral force has been calculated by vacuum ST considering a small 
gap (10nm) between the scatterer and the water background for right hand CP wave. 
(d) For the 3D set-up of Fig. 5.3 (c), the time averaged lateral force has been 
calculated by vacuum ST considering a small gap (10 nm) between the scatterer and 
the water background for left hand CP wave. The sign of the lateral force is in 
complete disagreement with the time averaged force yield by NO GAP METHOD in 
Fig. 5.3(c). 
  
    One convention of calculating optical force is that if the background is material 
medium; the force should be calculated considering an extremely small gap [cf. Fig. 
5.1(a)] between the embedded object and the background as discussed in ref. 
[78,170,172,173]. The main goal of this GAP METHOD approach is the idea that all 




the optical force formulations should lead to the same time averaged total force [27, 
170], as the total time averaged force is always the same for all the volume force 
formulations (when an object is placed in air). As a result, in this section we shall 
investigate the consistency of this GAP METHOD for the scatterers embedded in 
material media such as in [35], [36] and [166]. According to [170], if a small gap is 
introduced [cf. Fig. 5.1(a)], the external vacuum stress tensor (Chu type stress [170]) 
to yield the total outside force should be written in terms of gap fields ( gE , gH ) as: 
  outTotal Vacuumout ,d F T s                                                          (5.2a)                                        
           out * * * *Vacuum 0 g g 0 g g 0 g g 0 g g1 1Re2 2         T E E H H H H E E I  .               (5.2b)  
   In Fig. 5.3(a) we have calculated the external force considering such an extremely 
small gap [cf. Fig. 5.1(a)] between the half immersed scatterer and the water 
background and by employing the stress tensor of Eq (5.2b). Instead of the 
experimentally observed pulling force [35, 43], we obtain pushing force due to such 
an extremely small gap as shown in Fig. 5.4(a). In contrast, both GAP METHOD and 
NO GAP METHOD lead to consistent pulling force for two beam tractor experiment 
[36] as shown in Fig. 5.4(b).Then we have considered the lateral force experiment 
reported in [166]. Though for the spherical sized object the total force seems in good 
agreement (cf. Fig. 5.4(c)) with the previously calculated forces with NO GAP 
METHOD (cf. Fig. 5.3 (b)), for elliptical shaped object the sign significantly alters 
(cf. Fig. 5.4(d)) in comparison with NO GAP METHOD (cf. Fig. 5.3(c)). So, the 
problem of GAP METHOD mainly arises when the background is inhomogeneous/ 
symmetry broken case [35,43,166] (or in general heterogeneous type as shown in Fig. 
5.1(b)) [serious violation of C(II)].   
     Another detail analysis has been done in favor of GAP METHOD in ref. [78] (and 
also in refs. [172] and [173]). Instead of the external ST Eq (5.2b), it is suggested in 




[78] to yield the total force by an appropriate volume force for some specific cases 
(described as method II in [78]). However, in Appendix A (at the end of this thesis) 
we have discussed in details why method II reported in [78] may not be a general way 
to yield the total force and to explain the so far reported experiments, especially for 
the experiments with inhomogeneous (or heterogeneous) background due to the 
violation of C(I).  
In fact, even considering no such gap, the well-known Einstein-Laub volume force 
[28] (but not Chu and Ampere/Nelson force) predicts consistent time averaged total 
force for almost all previous experiments as shown in details in [28]. However, the 
magnitude of the total force by EL law is not in full/exact agreement with the total 
force calculated by external Minkowski ST or Helmholtz force [28,46] for all those 
experiments. But still we cannot comment regarding the inconsistency of EL force for 
material background case. One needs to examine C(I) and C(II) at first. This issue is 
discussed next. 
      At the beginning of Appendix A (at the end of this thesis) it is shown that exactly 
at the object boundary, the difference of well-established external Minkowski ST and 
internal Chu ST (also similarly applicable for Einstein-Laub ST) is found in 
agreement with the surface force of Chu (or Einstein-Laub) when the background is 
air. But if the background is any material medium instead of air or vacuum, this 
conclusion does not remain true. For example- condition C(I) has been violated when: 
(i) (out)T  is considered Mink.(out)T  and  inT is well known internal Chu or 
Einstein-Laub ST; and (ii) (out)T  and  inT  both are considered ELT  respectively. 
It should also be noted that EL force leads to inconsistent result for few experiments 
[violation of C(II)]: Hakim-Higham experiment [46], Rasetti experiment [50], few 
cases of Jones’ experiments according to [28] [cf. Fig. 9 (a)-(d) given in [28]] and 
some other notable cases reported in [188].   




      In contrast, C(II) is seriously violated when: (iii) (out)T  and  inT  both are 
considered ChuT  respectively. For example- when  Total Bulk Surface   in F F F  is 
calculated by employing internal volumetric force of Chu [or by Chu ST:
 Bulk Chuin (in) d F T s ] for the several real experiments reported in [28], it does 
not lead to the correct time averaged total force,  Total ConsistentF  [Violation of 
right hand side of the equation given in C(II)]. In addition, in [43] it is shown that left 
hand side of equation of C(II) has been violated for Chu (out)T based on NO GAP 
METHOD. These are identified as the main reasons of disagreements observed in 
[28] (and also in [46]) for different volumetric forces. 
   In the next section we shall demonstrate that not only the surface force but also the 
bulk force of the well-known Einstein-Laub (or Chu) force law is responsible for such 
disagreements those reported in [28] and [46] for the real experiments. It would be 
possible to overcome such inconsistencies if and only if the GAP METHOD were 
applicable where the external Minkowski ST turns into Vacuum ST [cf. Eq (5.2b)]. 
But in this section we have already demonstrated the problem/inconsistency of the 
GAP METHOD. Hence the possible solution of such problems will be addressed in 
the next three sections. 
 
5.5 Consistency of the external Minkowski and internal 
MEL or modified Chu formulations 
 
         Though so far Minkowski's ST has led to consistent time-averaged result for real 
experiments [28,46] by employing the exterior field of an embedded scatterer 




[fulfilment of the left side of the equation in C(II)], more complex configurations may 
arise where Minkowski's ST and the Helmholtz force may fail [i.e. cf. refs. [189-
191]]. As a result, we shall now examine whether external Minkowski leads to the 
fulfilment of both C(I) and C(II) together with any other internal ST or not. To handle 
future situations, and to sort out new optical force laws, if they proceed, the validity 
conditions C(I) and C(II) together and the analysis to follow below should be very 
effective. 
    A modification on the well-known EL volume force (and also Chu force [26]) has 
been predicted in [171]. Interestingly that modified version of the EL force led to 
exactly the same time-averaged force predicted by the external Minkowski ST in [171] 
for a dielectric object embedded in another dielectric. Commercial software [183] 
applies this modified version of the Einstein-Laub [171] or the Chu volume force 
density [26] to yield the total volumetric force on dielectric objects embedded in 
another dielectric. In order to explain the interfacial tractor beam experiment [35], the 
achiral internal MEL ST [43] has been applied previously without any derivation and 
consistent description. So far no explanation is given in [43] and [171] why both 
Minkowski ST and the MEL volume force [171] (and also modified Chu force 
[26,183]) and the MEL ST [43] lead to same/consistent time averaged result for 
dielectric cases. This section (and the final conclusion of this chapter) explains the 
reason, even considering more general cases such as magnetodielectric objects 
embedded in a generic magnetodielectric background. 
     Achiral MEL ST (which should yield the bulk force of an embedded scatterer) 
inside an object embedded in a generic heterogeneous background should be written 
as:  
   b ( ) ( )Bulk * * * *MEL( ) in in in in s in in in in
s





        T D E B H H H E E I      (5.3)
    




      Here j=1,2,3,...., N  represents the number of background regions sharing 
interface with the object, [cf. our Fig. 5.1(b), (c) and forthcoming Fig. 5.7(a)]. b  
and b  are fixed background permittivity and permeability and s  and s  are fixed 
permittivity and permeability of the scatterer. A possible derivation of Eq (5.3) is 
given in Appendix B where we have shown that the achiral MEL ST should be 
written in the time averaged form along with its time averaged volume force density 
(i.e. MEL force law for magnetodielectric object embedded in a generic 
magnetodielectric heterogeneous background): 
          Bulk * * * *MEL( ) Eff ( ) in Eff ( ) in Eff ( ) in Eff ( ) in1in Re .2j j j j ji i          f P E M H P B M D      
                                                                                                                                (5.4)                             
Consistency of Eq (5.3) and (5.4) has been shown for surface force calculation in 
Appendix C, which satisfies the ‘validity condition’ described in the introduction 
[fulfilment of C(I)]. In Eq (5.4), the effective polarization and magnetization are 
defined as [26,171]:  Eff b inS  P E  and  Eff b inS  M H . The total time 
averaged Bulk force on the embedded object should be:  
 
                Bulk Bulk BulkMEL MEL( ) ( ) MEL( ) ( )in in inj j j jj jd dv    F = T s f .           (5.5)  
                
Consistency of  Eq (5.5) can be determined analytically considering the internal force 
on a magnetodielectric slab embedded in another magnetodielectric. Both the internal 
ST and volumetric force lead to the same result [164]. So, internal MEL method and 
external Minkowski method fulfil the condition C(II) analytically for this simple case. 
However, internal Chu, EL and Ampere method do not lead to that same force.In 
addition, the external force calculated by Minkowi’s force also lead to the exactly 
same result [164].  




      Now, we consider the consistency condition C(I). By applying the proper 
boundary conditions [cf. Appendix C], the surface force of Modified Einstein-Laub 
method can be written from two different ways: (i) By the volume force method of Eq 
(5.4) [as shown in [182] only for volumetric force] and (ii) from the difference of 
external Minkowski ST and internal MEL ST in Eq (5.3) just at the boundary. These 
two different ways lead to exactly same result: 
   
 
   out in out inou
Surface out
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               
f T T n
E E H HE E n H H n     
(5.6) 
Eq (5.6) clearly explains why in [171], the time averaged result of total force 
predicted by Minkowski ST is in exact agreement with the MEL volume force 
reported in [171]. According to Eq (5.6), the total time averaged force calculation by 
MEL force is equivalent with the total force calculation based on Minkowski ST or 
Helmholtz force for any generic case. So, the total time averaged force on an 
embedded achiral object according to MEL method should finally be written as: 
 
                                   out Bulk SurfaceMink MEL MEL ind  T s = F F                                   (5.7) 
 
Hence at least analytically we have arrived at the fulfillment of both C(I) and C(II). In 
the next part of this work, the validity of Eq (5.7) [our proposed C(II)] will be 
investigated mainly based on numerically [i.e. full wave simulations] calculated 
results. 
 
5.6   A short discussion on previous tractor beam and 
lateral force experiments 





Fig. 5.5: Calculation of time averaged total optical force (NO GAP METHOD) by 
external Minkowski ST and the time averaged bulk force by internal MEL ST. These 
forces are always of same trend. By adding the surface force of achiral MEL with 
bulk force [cf. Eqs (5.6) and (5.7)], the magnitude exactly matches with external time 
averaged total force by Minkowski ST. (a) For the two beam tractor set-up in Fig. 
5.2(b) with 320 nm object. (b) For the two beam tractor set-up in Fig. 5.2(c) with 410 
nm object. (c) For the lateral force set-up in Fig. 5.3(b) [only left hand CP wave 
incident case] with spherical object. (d) For the lateral force set-up in Fig. 5.3(c) [only 
right hand CP case] with elliptical object. For all the cases the trend of the time-
averaged bulk force, obtained by employing the internal field only, is very similar to 
the total outside force calculated by the external Minkowski ST, using fields exterior 
to the scatterer. The bulk force by modified Chu volume force or stress tensor does 
not follow the trend of the total force. Moreover, the internal force calculation by the 
MEL ST is very less-time and memory consuming in comparison with the modified 
volumetric force calculation method [cf. the detailed discussion in [26] and [183]]. 
These are the main computational advantages of MEL ST method. 
 
           The most probable reason of the success of Minkowski’s theory lies on the fact 
that, in contrast with other force formulations, Minkowski’s formulations, i.e. 
external Minkowski ST, Helmholtz force [35, 43, 28, 46,  192] and Minkowski photon 
momentum based ray tracing method [2,3] correctly account for the linear increase of 
transferred/emitted photon momentum at the boundary between the embedded object 




and the background [35, 43].  Interestingly, when ( ) 2[1 ( )]b j
s
 is very small for a 
dielectric object embedded in another dielectric (for example- most of the real 
experiments [35,36,166]), the surface force of MEL in Eq (5.6) almost vanishes, as 
( )Surface 2
MEL [1 ( )]b j
s
 f . Only for such special cases    Total BulkMink. MEL out inF F [as 
shown in [43] without any explanation].  In [43], the time averaged external force by 
Minkowski ST and the internal time averaged bulk force by MEL ST match well 
because the surface force almost vanishes. However, there must be a surface force 
part of MEL force. In [43], the time averaged external force by Minkowski ST and 
the internal time averaged bulk force by MEL ST match well because the surface 
force almost vanishes. But in general, for the exact total force formulation, that 
surface force should be added with the time averaged bulk force calculated by 
internal MEL ST [cf. Eq (5.7)] so that    Total Bulk SurfaceMink MEL MEL out in F = F F . If the 
internal force for the tractor beam experiment in [35, 36] and the lateral force in [166] 
is calculated, our aforementioned conclusions still remain valid. It is shown in Fig.5.5 
(a) and (b), total external time averaged force by Minkowski ST and the total internal 
bulk force by MEL ST are in almost full agreement for two beam tractor beam 
experiment in [36] due to very small value of ( ) 2[1 ( )]b j
s
 . However, the difference 
between the bulk force of MEL ST and the total force of external Minkowski ST is 
clearly observable for the lateral force experiment when ( ) 2[1 ( )]b j
s
  is not very 
small [i.e. by considering a TiO2 object embedded in air-water interface in Fig. 
5.5(c)]. Also there is an effect of the size/shape change of the object on the bulk force 
of MEL ST as shown in Fig. 5.5(d). However, in Appendix D the bulk force 
calculation by MEL ST is shown for a Mie or more complex objects embedded in 




homogeneous, heterogeneous and bounded background. As per we know, previously 
force calculation for heterogeneous medium has not been discussed in literature. 
 
5.7 Chiral Modified Einstein-Laub and Chu 
formulations 
 
Fig. 5.6: Time-averaged forces: Fout at 1.01r a a   from Minkowski ST and Fin 
(bulk force) at 0.999r a a   from the Chiral MEL ST. These forces are always of 
same trend. By adding the surface force of Chiral MEL with bulk force, the 
magnitude exactly matches with external time averaged total force. (a) Calculation 
procedure of force on a dielectric sphere with a=500 nm (i.e., a Mie object) at 
1064 nm. The unbounded homogeneous dielectric background parameter:
04b  . (b) Force on that chiral dielectric sphere (chirality parameter, 0.4  ) by 





 . Notice that the internal forces (bulk forces) calculated by all other 
STs (i.e. EL, Chu, Nelson and Minkowski) are not so close to the total time averaged 
force. (c) Force on the same embedded chiral dielectric sphere by varying the 
permittivity of the sphere, illuminated by a linear polarized and a circularly polarized 
( x yE iE :  0 i kz tx yE E e E  ) wave. (d) Force on the embedded chiral dielectric (
04s  ) sphere by varying the chirality parameter of the sphere, illuminated by a 
linear polarized and a circularly polarized wave. 






   In this section we shall show the consistency of the proposed internal MEL method 
with the external Minkowski ST method [174]. Especially for chiral objects, no built 
in software [183] technique is available to yield the total volumetric force. The 
primary goal of this section is to set an efficient computational way for embedded 
chiral objects. The constitutive relations inside a chiral Mie object can be written as 
[77]: 
                           chiralin s in in( / ) ;      j c  D E H                      (5.8a)                         
           chiralin s in in( / ) .j c  B H E                         (5.8b)   
    If a magneto-dielectric chiral object is embedded in a material background instead 
of air, the internal stress tensor that may yield the total force of the scatterer is the 
chiral MEL stress tensor for chiral object:  
   b ( ) ( )chiral chiral * chiral * * *MEL( ) in in in in s in in in in
s





        T D E B H H H E E I      (5.9)       
Where j=1,2,3,...., N  represents the number of  background regions sharing interface 
with the chiral object. The total time averaged bulk force on the embedded object 
should be:    chiralBulk MEL( ) ( )in inj jj d F = T s . A possible derivation of Eq (5.9) 
can be yielded very similar to our achiral MEL ST shown in Appendix B. The Bulk 
force of chiral MEL method can also be written as: 
         Chiral * * * *MEL( ) Chiral( ) in Chiral( ) in Chiral( ) in Chiral( ) in1Bulk Re .2j j j j ji i          f P E M H P B M D
                                                                                                                                (5.10) 
In Eq (5.10), the effective polarization and magnetization are defined as: 





                  chiral b in in , , ( / )e c e S c j c      P P M P E M H                  (5.11a) 
 
                chiral n n b in in , , ( / )c S c j c      M M P M H P E .                 (5.11b) 
 
    However, chiralinD  and chiralinB in Eq (5.10) should be written from Eq (5.8a) and (5.8b) 
respectively. The surface force part has also been derived similar to achiral case 
discussed in previous section. The total time averaged force should be the surface 
force plus the bulk force. Consistency of chiral MEL ST for the unbounded 
homogeneous background is shown in Fig. 5.6 (a)-(d). In Fig. 5.7 (a)-(d), consistency 
of the chiral MEL ST has been shown considering a 2D infinite cylinder embedded in 
a heterogeneous background. Finally, the result shown in Fig. 5.8 [the bounded 
background case] bears some important physical insight. We have considered b=800 
nm and a=600 nm. If b is made even much smaller and very close value of a (but b > 
a+), still the conclusion presented in Fig. 5.8 (a)-(d) remains valid. Hence we can 
conclude that the boundary between the scatterer and background play a vital role to 
yield the total time averaged force, which may not be properly explained by GAP 
METHOD of force calculation.  
     The internal MEL ST (internal bulk force) leads to almost time averaged total 
force for several situations (or at least follows the trend of total time averaged force), 
which can be very useful from computational point of view for both embedded chiral 
and achiral objects. Finally, considering all the cases discussed in this work, probably 
we can assure the fulfilment of ‘consistency conditions’ C(I) and C(II) 
simultaneously by external Minkowski ST and the internal modified EL or Chu 
formulation both analytically and numerically. 
 






Fig. 5.7: Time-averaged forces: Fout at 1.01r a a   from Minkowski ST and Fin 
(bulk force) at 0.999r a a   from the Chiral MEL ST. These forces are always of 
same trend. By adding the surface force of Chiral MEL with bulk force, the 
magnitude exactly matches with external time averaged total force. (a) Calculation 
procedure of Force on a magneto-dielectric infinite chiral (chirality parameter,
0.5  ) cylinder of 0 0( , ) (5 , 4 )s s     and radius 2000 nm embedded in 
heterogeneous unbounded background of four different magneto-dielectric layers: (
,b b  ) = ( 03 , 02 ); ( 04 , 03 );( 05 , 04 ); ( 06 , 05 ) at 1064 nm. (b) Force 
on that cylinder when the plane wave  0 i kz txE E e  illuminates at varying angles. 
Notice that the internal force calculated by all other STs (i.e. EL, Chu, Nelson and 
Minkowski) are not in the same trend of the total external force. (c) Force on the 




x yE E e E
  incidents at varying angles. (d) Force on the cylinder when the 
illuminating plane waves at angle 45 degree at varying chiral parameter .  
 





Fig. 5.8: Time-averaged forces: Fout at 1.01r a a   from Minkowski ST and Fin 
(bulk force) at 0.999r a a   from the Chiral MEL ST. These forces are always of 
same trend. By adding the surface force of Chiral MEL with bulk force, the 
magnitude exactly matches with external time averaged total force. (a) Calculation 
procedure of a 3D magneto-dielectric core where the whole core-shell sphere is 
embedded in air. Core radius, a=600 nm, 08s  , 04s   Bounded local 
immediate background (i.e. the shell) parameters: radius, b=800 nm and 04s  ;
02s  . This entire core-shell is illuminated at wavelength 1070nm. (b) For plane 
wave illumination,  0 i kz txE E e  : CoreoutF at different chirality parameters obtained 
from Minkowski ST at r=a+ using the fields in the shell. Force  CoreinF  based on the 
Chiral MEL ST at r=a- using core fields. The bulk force on the core by other STs do 
not follow the trend of the total external force. (c) For circularly polarized wave 
illumination ( x yE iE :  0 i kz tx yE E e E  ): still the bulk force by Chiral MEL ST is 
of the same trend of the external time averaged total force for the variation of 
chirality parameter of the core. (d) For linear and circularly polarized wave 
illumination: again our conclusions remain valid for the variation of chirality 
parameter of the core.     
 
               
 
      




5.8 Conclusion  
  In this chapter we have shown that: the ‘validity condition’ of  inT  and f (in), 
defined at the beginning, plays a key role for the severe disagreement reported in [28, 
46] of different force laws employed to describe real experimental results. We have 
proposed a solution to this problem based on the MEL ST, the MEL volume force 
[171] or alternatively by the modified Chu volume force [26, 183]. However, If 
   Bulk in in 0d  F T s ; (out)T  and  inT  cannot have the same form to 
satisfy both consistency conditions C(I) and C(II) simultaneously, when the 
background is a material medium rather than air. What is the physical reason behind 
that? A possible answer of this important question is discussed next. 
     Let us consider the total momentum conservation equation [17]:  
.ds dv dv
t
   T f  G  and Total Mech. Non-Mech. p p p  where p represents 
momentum. Here G  is the electromagnetic momentum density. Though the total 
momentum Totalp is always a conserved quantity, whenever one calculates/measures 
the photon momentum transfer from the background [58,151], it leads to Minkowski 
photon momentum where instead of simple mechanical and non-mechanical 
momentum part, the linear momentum equation can better be described as [58]: 
med
Total Cano. Mink p p p  where Mink Mink dv p G  with Mink  G D B . On the other hand, 
Abraham photon momentum [PAbr (in)] is considered as the travelling momentum of 
photon [151], which [PAbr (in)] can also be considered as the remaining 
electromagnetic part of the photon momentum after delivering the mechanical 
momentum of photon inside an object setting that object in motion [hence kinetic 
momentum [58]: medTotal Kin Abr p p p  , where Abr Abrdv p G  with 2Abr c
 E HG ]. So, 
the role of Minkowski and Abraham photon momenta are fully different [58, 151] and 




hence in the aforementioned conservation equation, G should also be different when 
we describe two different process: transfer of momentum from background (i.e. 
transfer of Minkp from background to an embedded object due to Doppler effect [58]) 
and delivery of momentum inside an object (i.e. Abrp inside the Einstein-Balaz’s box 
[58]). This suggests that: as total momentum is a conserved quantity, f  can also be 
different due to different G and they should bear fully different physical meanings. 
Hence the proposed explanation is that: time averaged Minkowski’s ‘total’ force 
describes how much mechanical momentum has already been transferred to an 
embedded object from the background medium, which can be calculated just by 
employing the external fields of the embedded object. In contrast, time averaged 
MEL ‘bulk’ force describes how much force (due to local fields) has been felt by the 
induced dipoles of an embedded object by which (dipoles) that object is made. Now, 
most importantly, though by adding the surface force of MEL with the time averaged 
bulk force we get exactly the same value of time averaged total force predicted by 
Minkowski’s external force [    Total Bulk SurfaceMink MEL MEL out in F = F F ], they [left side and 
right side of aforementioned equation] are two fully different things from physical 
point of view. In fact, this issue has already been pointed regarding only photon 
momenta in refs. [58, 151]. But such dissimilarity may, in general, also be true for the 
role of distinct time averaged stress tensors, which has been overlooked so far. So, we 
suggest the distinct physical meanings of the left and right hand sides of this 
equation:    Total Bulk SurfaceMink MEL MEL out in F = F F , which (distinct physical meanings) is 
also applicable for the modified Chu formulation [26]: 
   Total Bulk SurfaceMink Chu Chu out in F = F F . 
     Last but not least, our work explains not only the reason of the inconsistency of 
different time averaged volumetric forces reported in [28], [46], but also provides an 
efficient alternative solution to calculate the time-averaged bulk force with the 




modified Einstein-Laub (MEL) stress tensor method, saving much calculation time 
and memory with respect to the time-consuming bulk volumetric force method [183] 
for both embedded achiral [19,20, 28,35,36,46, 84,97, 98, 183- 186] and chiral 
objects [19,20]. Similar time-averaged modified formulations are also possible on 
employing modified Chu methods [26,183]. In fact, the main goal of this chapter is 
not to show superiority of one formula over another. Rather the main targets of this 
work were to make fully distinct formulas mathematically equivalent to yield 
accurate and consistent time-averaged total optical force, as well as explaining the 


















Modified Lorentz Force and Plasmonic Cube 
Dimers over Substrate: Binding Force Reversal 
  
6.0 Summary of Chapter 6 
In previous chapter it has been discussed in details why Lorentz force should be 
modified when the embedding background is material one instead of air. In this 
chapter we apply the modified Lorentz force (modified Chu force) to study the 
behavior of binding force for two cubes over different substrates fully immersed in 
water. The behavior of Fano resonance and the reversal of near field optical binding 
force of dimers over different substrates have not been studied so far. In this work, we 
observe that if the closely located plasmonic cube homodimers (over glass or high 
permittivity dielectric substrate) are illuminated with plane wave polarized parallel to 
dimer axis, no reversal of optical binding force occurs. But if we apply the same set-
up over a plasmonic substrate, stable Fano resonance occurs along with the reversal 
of binding force. It is observed that during such Fano resonance stronger coupling 
occurs between the dimers and plasmonic substrate along with the strong 
enhancement of the substrate current even in presence of dielectric spacer. 
Interestingly, for both the strong quadrupole-quadrupole and dipole-dipole resonances 
of the dimers, the binding force is dominated by Coulombic surface charge induced 
modified surface Lorentz force ; whereas during the Fano resonance binding force 
reversal is dominated by polarization current induced modified bulk Lorentz force. 






      
       Fano resonance and the Fano line shape [193] cannot be described by the 
Lorentz resonance formula [194]. In plasmonic nanostructures, Fano resonance can 
happen due to the resonant destructive interference between a super-radiant (bright) 
mode and subradiant (dark) modes [195]. The promising applications of plasmonic 
hybridization and Fano resonances [39,41] have been investigated in improved 
sensitivity of the resonance [196], bio sensing [119], surface-enhanced Raman 
scattering [197], photonic propagation and wave guiding [198], plasmon-induced 
transparency [124] and many others [127]. In contrast, much less attention is 
dedicated on near field optical force due to Fano resonance; especially for plasmonic 
dimers [39,41] as discussed only in [22,23]. Specially, plasmonic particle over 
substrate show remarkable properties: Fano resonances [199], Boradband tenability in 
plasmonic resonance [200], modification of energies of the plasmon modes [201], 
changing the localized density of states [202], radiative enhancement [203], 
frequency shift of an electric dipole resonance [204] and so on. But the behavior of 
near field optical force for plasmonic dimers over different types of substrate and the 
effect of substrate on the reversal of near filed optical binding force have not been 
studied in literature. In fact, only few works have been reported on the reversal of 
near field optical binding force due to Fano resonance, i.e. for nanobar structures 
[22], for disk along with a ring structure [23]. But reversal of near field binding force 
are highly dependent on inter-particle distance and particle size for those set-ups.  
    According to ref. [205]: “The inter particle separations are usually comparable to 
the wavelength of the illuminating laser beam and, therefore, mainly long-range 
interactions mediated by the far-field scattered field are considered while the near-




field coupling is usually omitted in the related studies.” But with the recent 
technology, the inter particle distance between the nano particles can be precisely 
controlled [206]. More importantly, the size and shape of the gap between the 
nanoparticle and film can also be controlled to sub nanometer precision bottom-up 
fabrication approaches [206]. The film-coupled nanoparticle geometry has recently 
been applied to enhancing optical fields, accessing the quantum regime of plasmonics 
[207], and the design of surfaces with controlled reflectance [208]. Still no 
investigation has been carried out regarding the behavior of both Fano resonance and 
the reversal of near field optical binding force with respect to the inter particle 
distance of two dimers over different substrates.      
    In this work, it is observed that if two plasmonic cube homodimers are placed 
closely without any substrate or above glass or high refractive index substrate, no 
reversal of optical binding force occurs. But if we apply the same set-up over a 
plasmonic substrate, stable and stronger Fano resonance occurs along with the 
reversal of binding force. It is well known that usually Fano resonance is ultra-
sensitive and previously reported reversal of optical binding force dies out very 
quickly if the inter particle gap of the heterodimers [22] increase even a little bit. 
Moreover, this [22] previously reported Fano resonance induced reversal of binding 
force is highly dependent on particle size, which has not been achieved in [22] and 
[23] by homodimers. In general, reversal of near field lateral optical binding force for 
the same polarization of light is quite uncommon with the homodimers placed 
without substrates [113, 134, 135, 209]. Even if the homodimers are placed over 
substrates, reversal of near field lateral optical binding force has not been observed in 
refs. [136, 210,211] for spherical shaped and rod shaped plasmonic homodimers.  
     As a result, we have investigated a fully alternative way to achieve strong and 
stable reversal of optical binding force based on cube homodimer and substrate 
system, where stable and much stronger Fano resonance can be achieved due to the 




substrate coupling with larger area of the lower portions of cube dimers. Though 
nanoparticles of sphere is easy to synthesize in experiment, the substrate-induced 
hybridization of the plasmon modes can be much larger [199] for a planar metallic 
nanoparticle (i.e. a cube) deposited on a plasmonic substrate [206,208] than for a 
spherical particle [201]. This happens because the plasmon-induced steady state 
currents and surface charges will be located closer to the strong surface currents and 
plsmonic screening charges induced on the surface of the substrate over a large area. 
    We have demonstrated that from the interplay between localized surface plasmon 
and propagating surface plasmon polariton along with the strong coupling between 
the two particles with the plasmonic substrate, the reversal of the optical binding 
force occurs during the strong Fano resonance. The physical mechanisms of binding 
force reversal have been explained based on modified Lorentz force dynamics. This 
lateral binding force reversal for the homodimers may be more flexible than the 
previously reported cases in [22, 23] where the reversal of near field binding force of 
the heterodimers dies out with the change of: (i) inter particle distance and (ii) 
particle size. Our configuration provides much relaxation of those parameters and 
hence can be verified experimentally with simpler experimental set-ups. 
 
6.2 Optical Force calculation 
 
We again specify that throughout this thesis we refer to 'exterior' or 'outside' forces as 
those evaluated outside the volume of the macroscopic particles, while ‘interior’ or 
'inside' refer to those quantities inside this object volume. In order to consider the 
realistic effects, we have done all the numerical calculations using full wave 
simulations [100] in three dimensional (3D) structures. 




  The proposed simple set-up is illustrated in Fig. 6.1(a). The Silver particles are 
placed near to each other above a silver substrate (whole set-up is embedded in 
water). Spacer of height 5 nm is always considered above all the substrates in this 
chapter. The real and imaginary part of the permittivity of silver is taken from the 
standard Palik data [100, 139]. Inter particle distance is ‘d’. The source is a simple x-
polarized plane wave 0 i zxE E e  propagating towards –z direction. This set-up is a 
symmetry broken system which later plays a vital role for the force reversal. The 
‘outside optical force’ [33] is calculated by the integration of time averaged 
Minkowski [43, 84] stress tensor at r=a+ employing the background fields of the 
scatterer of radius a:  
     
Out out
Total
out * * * *
out out out out out out out out
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.            (6.1) 
Where ‘out’ represents the exterior total field of the scatterer; , , and are 
the electric field, displacement vector, magnetic field and induction vectors 
respectively,  represents the time average and  is the unity tensor.  
 On the other hand, based on the modified Lorentz force (i.e. modified Chu force), the 
total force (surface force and the bulk force [26,171,183] part of modified Lorentz 
force) can be written as:   
                Total Volume Bulk Surf Bulk Surfacedv ds     F F F F f f           (6.2) 
Where  
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 is the modified surface force density (the force which is felt by the induced 
bound electric and magnetic surface charges of a scatterer), which is calculated just at 
the boundary of a scatterer [26,171,183]. ‘in’ represents the interior fields of the 
scatterer; ‘avg’ represents the average of the field.  and  are the bound electric 
and magnetic surface charge densities of the scatterer respectively. The unit vector  
is an outward pointing normal to the surface. b  is permittivity and b  is 
permeability of the background (i.e. water). 
* * * *
Bulk 0 in in 0 in in in in in in
1 1Re[ ( ) ( ) ] Re[ ( ){ } ]( ){ }2 2 s b s bi i               E Hf E E B D H
   (6.4) 
is the modified bulk force density, which is calculated from the interior of the 
scatterer by employing the inside field [26,171,183].  is permittivity and  is 
permeability of the scatterer. As per we know, the Lorentz force dynamics of 
plasmonic particles and specially dimers have not been discussed previously. It is 
notable that the ‘external dipolar force’ [34, 38] (which has also been described as 
Lorentz force in [38]) is quite different than the Lorentz force defined in our Eqs (2) - 
(4).  
 
6.3 Plasmonic cubes over plasmonic substrate: a 
short discussion on resonance modes and reversal 












Fig. 6.1: (a) Two silver cubes (L=120 nm) are placed over silver substrate and their 
inter-particle gap, d, is 100 nm (spacer height 5 nm from the bare substrate and the 
cubes are placed 5 nm away from the spacer). (b) Comparison of the extinction 
coefficients of two silver cubes [set-up of Fig. (a)] and a single silver cube placed 
over silver substrate. (c) The binding force of set-up (a). (d)-(f): charge distribution at 
wavelengths: 966 (DD), 754 (Fano) and 627 (QQ) nm respectively. D and Q 
represent dipole and quadrupole respectively. (g)-(i): Electric field distribution for 
those same wavelengths respectively. 
 
 
    In Fig. 6.1(a) we have considered two silver cubes of length 120 nm each (100 nm 
apart). These cubes are placed in water above a silver substrate. A spacer of 5 nm 
height is considered between the cubes and the substrate and the cubes are placed 5 
nm above the spacer. This set-up is shined by a plane wave described in previous 
section. The extinction spectra in Fig. 6.1(b) reveals that Fano dip takes place at 
around 754 nm and the strength of extinction coefficient increases two times than a 
single cube placed over silver substrate. The quadropolar resonance (at wavelength 
627 nm), dipolar resonance (at 966 nm) and Fano dip (at around 754 nm) do not 
experience shifting due to the addition of the identical cube. It is demonstrated in Fig. 
6.1(c) that reversal of optical binding force [i.e. positive value of Bind ) (xF means 




attractive force and negative value means repulsive force] takes place near the Fano 
dip at 754 nm wavelength. It should also be noted that if we decrease the inter particle 
distance of the cubes, the magnitude of the lateral binding force increases where 
lateral binding force,  Bind  1( ) ( ) ( 2  ) x x xF F F  . Here subscript (x), (1) and (2) 
represent: +x direction, left cube and right cube respectively. It is also observed in our 
full wave simulations that the reversal of binding force occurs at the Fano dip 
position (around the wavelength 1000 nm) even if we change the length of the cube 
from 120 to 180 nm [cf. Fig. 6.2 (a)-(c)]. Such reversal of binding force is quite 
generic for plasmonic cubes of other sizes placed over plasmonic substrates. The only 
countable issue to achieve such force reversal is to achieve Fano type dip at first with 
the single cube. However, the force reversal wavelength and the Fano resonance both 
red shift with the increase of the cube dimension. The reason of Fano resonance for 
the dimers can be very easily explained based on the destructive interference of 
quadropolar and dipolar mode of the dimer as previously discussed considering high 
refractive index substrate in [199]. The distinct charge distributions of the plasmonic 
cubes have been shown in Figs 6.1(d) –6.2(f) for different resonance modes [i.e. 
dipole-dipole (DD), Fano and quadrupole-quadrupole (QQ) resonance respectively]. 
In addition, in Figs 6.1(g)-(i) the electric field magnitudes of different modes [i.e. 
DD, Fano and QQ resonance respectively] have been demonstrated. The field 
distributions are similar (but not identical) to ref. [199] where the substrate is 
considered as high refractive index dielectric. The strength of electric field magnitude 
increases due to the use of plasmonic substrate, which is a necessary condition for 
stronger coupling and resonance that leads to binding force reversal. However, the 
mixed nature of electric field at the Fano dip clearly supports the mixing of dipolar 
and quadrupolar resonance [199, 200].    
    But the question is whether Fano resonance is the only factor to achieve such force 
reversal. The answer is: strong Fano resonance induced by strong plasmonic coupling 




is the key factor of such force reversal but it is not the only reason. For example- in 
the next section we shall demonstrate that Fano resonance also occurs for Silicon 
substrate with cube dimers but no reversal of binding force takes place for such case. 
In addition, more details on the physical mechanism of such optical force reversal 
will be discussed in the next sections. 
    At the DD resonance mode (i.e. 966 nm wavelength), field lines form closed loops 
around the separation between the particle and the metallic film [212]. Maximum 
value of the repulsive binding force occurs at this wavelength as shown in Fig. 6.1(c). 
This resonance mode corresponds to the localized surface plasmon (LSP) mode 
associated to the silver particle. According to another point of view [206], this 
resonance mode can be explained as a magnetic cavity mode that roughly satisfies the 
half wavelength criteria. In particular, the metal (silver)−insulator (spacer)−metal 
(silver) region supports a transmission line type of mode modified by the plasmonic 
dispersion of the metal. A large effective impedance mismatch occurs at the edges of 
the cube and most of the energy is reflected back under the cube [cf. the electric field 
distribution in Fig. 6.1(g)].  
      On the other hand, a resonance peak of extinction spectra occurs at around 627 
nm as shown in Fig. 6.1 (c), which corresponds to QQ resonance. Local maxima of 
the attractive binding force occurs during this resonance. It corresponds to the surface 
plasmon polariton (SPP) mode propagating on the silver/air interface of the metallic 
film, which is excited near this wavelength [cf. ref. [212]]. The corresponding 
enhancement of the particle excitation field increases the intensity of field scattered at 
infinity [cf. the electric field distribution in Fig. 6.1(i)]. From another point of view 
[206], this higher order mode is an example of waveguide modes and occurs at 
shorter wavelengths such that the cavity is longer than a half wavelength of the mode.  
 





Fig. 6.2: (a) Two silver cubes (L=180 nm) are placed over silver substrate and their 
inter-particle gap,d, is 150 nm. The spacer (refractive index 1.4) height is 5nm for all 
the cases discussed in this work. Cubes are placed 5nm (h= 5nm) away from the 
spacer. x-polarized plane wave is propagating towards –z-direction. (b) Extinction co-
efficient (c) Optical binding force. 
 
6.4 Plasmonic cubes over different substrates: effect 
on binding force  
 
    So far we have discussed regarding single or double plasmonic cubes over 
plasmonic substrates. Now we shall compare the behavior of optical binding force 
considering two plasmonic cubes without substrate and over the glass or Silicon (high 
refractive index) or silver (plasmonic substrate) substrate fully immersed in water [     
cf. Fig. 6.3 (a) –(c)]. No reversal of optical binding force is observed in Fig. 6.3 (c). 
This same conclusion is true for the 2nd case [cf. Figs. 6.3(d)-(f)] when no reversal of 
optical binding force is observed. However, in Fig. 6.3(g)-(i), the substrate is Silicon 
(modelled as Palik data [100, 139]). Ultimately Fano dip spectral region is observed 
in Fig. 6.3(h) due to Fano resonance. But no reversal of optical binding force is 
observed in Fig. 6.3 (i). This is an important observation. This observation suggests 
that Fano resonance is not the only criteria to achieve the reversal of optical binding 
force [which occurs for silver slab in Fig. 6.3 (l)] rather some other factors (will be 
discussed next) significantly influence the origin of the reversal of optical binding 
force. Now we shall discuss the behavior of binding force distribution for these three 
resonances: (i) DD (ii) QQ and (iii) Fano resonance, when the substrate is silver one.  





Fig.6.3: Two silver cubes (L=120 nm) are placed over different substrates and their 
inter-particle gap, d, is 150 nm. The spacer height is always 5nm. Cubes are placed 
5nm (h= 5nm) away from the spacer. x-polarized plane wave is propagating towards 
–z-direction. (a)-(c): No substrate is placed; the extinction coefficient and binding 
force for that configuration. (d)-(f): Glass substrate (refractive index 1.5) is placed; 
the extinction coefficient and binding force for that configuration. (g)-(i): Silicon 
substrate is placed; the extinction coefficient and binding force for that configuration. 
(j)-(l): Silver substrate is placed; the extinction coefficient and binding force for that 
configuration. 
 
    For the DD resonance mode, the resonance process with the plasmonic substrate is 
quite different in comparison with the other substrates. During the DD resonance 
mode, the accumulated charges are strongly coupled with the plasmonic substrate and 
the total power is mostly concentrated between the cube and the plasmonic substrate. 
The charge distribution essentially results in a current loop between the nano cube 
and metal film inducing a strongly enhanced magnetic field. This resonance is then 
mainly of magnetic nature [206, 208, 212]. But the most interesting part is that: 
though the resonance is of magnetic nature, the difference of the scattering part 




(which originates from magnetic induction: inJ B  ; where J  is the polarization 
induced current) of the total Lorentz force vanishes during the peak of LSP or DD 
resonance mode [cf. Fig. 6.4 (a), (c) for both 120 and 180 nm lengthened cubes]: 
                           Bulk ( ) Bulk (1) (1) Bulk (2) (2)Del F ] [ ] [x dv dv  f f                        (6.5) 
So, the total binding force at LSP or DD resonance peak is fully due to the surface 
charges and the difference of surface force can be expressed as:  
                        Surf (x) Surface ( ) (1) Surface ( ) (2)[ ]Del [ ]F B Sds ds  f f                     (6.6) 
It should be noted that:  ( ) ( )Bin ( ) Bulk ( ) Sud  1  rf2 (x) Del Del FFx x x xF F F    . In Fig 
6.5(i) it can be seen that the flipped Surface (1) (1)[ ]ds f  [and also Surf (x)Del F ; cf. Fig 
6.4 (b) and (d)] reaches its maximum negative value near the DD resonance for 
plasmonic silver substrate [also cf. Fig 6.3(l)].  
 
Fig. 6.4: For cube homodimers over silver substrate, plot of Bulk( )Del F x  and Surf (x)Del F
[cf. Eq (6.5) and (6.6)]. Spacer height is always 5 nm and height of the cubes from the 
spacer is fixed 5nm from the spacer. For first column: Length of each cube is 120 nm 
and they are placed 100 nm apart. For second column: Length of each cube is 180 nm 
and they are placed 150 nm apart. 







Fig. 6.5: For the cases of different substrates, Lorentz force components and the 
steady state current (Jy) of two 120 lengthened silver cubes along with the substrate. 
First row represents the Lorentz force components: surface force, bulk force and total 
force only on cube-1 (left cube, denoted as P1). ‘°’ represents the chosen wavelengths 
for which the steady state current distributions are plotted later. Second, third and 
fourth row represent the steady state current (Jy) from front view [in xz plane; setting 
the window very close to the cube surfaces from front view] for three different 
wavelengths (marked as ‘°’) respectively: (a)-(d): For glass substrate where 
wavelengths are chosen: 754, 622 and 550 nm respectively. (e)-(h): For Silicon 
substrate where resonance wavelengths are: 816 (DD), 679 (Fano) and 578 nm (QQ) 
respectively. (i)-(l): For Silver substrate where resonance wavelengths are: 966 (DD) 
,754 (Fano) and 627 nm (QQ) respectively. 
 
        
             From the first row of Fig. 6.5, it can also be seen that such reversal of 
Surface (1) (1)[ ]ds f  does not happen for other substrates. This can be explained based 
on the electric field coupling between the cubes and also between cubes with 
plasmonic substrate. Electric field enhancement becomes much stronger for the case 
of plasmonic substrate in comparison with other substrates especially at this particular 




resonance. The surface force in Eq (6.3) depends on the electric fields of the cube 
boundary/interface, which becomes much stronger during this DD resonance. 
    Though the maximum value of repulsive binding force for DD or LSP mode is just 
due to surface charges, the local maximum value of attractive binding force for QQ or 
SPP resonance at wavelength 627 nm [cf. Fig. 6.3(l)] is the combined effect of static 
(opposite surface charges as shown in Fig. 6.1 (f)) and dynamic (propagation of SPP) 
process. If we give a close look at Lorentz force in Fig. 6.4, it is clearly observable 
that at this QQ resonance: though the resultant binding force is due to the dominance 
of Surf (x)Del F , Bulk( )Del F x also exists. This fact can be verified from Fig. 6.5(i), where 
the dominance of Surface ( ) (1)[ ]B ds f  on cube-1 is clearly observable. The opposite 
charges of the cubes create the attractive force between the cubes placed over any 
substrate such as plasmonic or glass or silicon substrate. At the same time, the 
propagating surface plasmon of the plasmonic substrate also create force on the cubes 
in the opposite direction of its propagation, which ultimately causes the local 
maximum value of attractive force at this QQ or SPP resonance [cf. Fig. 6.3(l)].  
   Now we shall consider the behavior of optical force for Fano resonance when the 
reversal of lateral binding force takes place [cf. Fig. 6.3(l)]. If we compare the 
extinction efficiency of the four cases [cf. the second column of Fig. 6.3], the 
magnitude is almost 2.5 times stronger for the plasmonic (silver) substrate case. In 
addition, if we consider the strength of induced current at resonant frequencies (i.e. 
Fano resonance and previously discussed DD resonance mode), the surface current 
for the case of silver slab is quite stronger in comparison with all other cases: no 
substrate, glass substrate and silicon substrate case. Now if we give a closer look to 
the individual cube (i.e. cube-1): it is clearly observable that the bulk force part turns 
into negative force only near the Fano resonance regime for the case of plasmonic 
substrate. However, this bulk force (which is mainly connected with the scattering 




force of plasmonic objects [114, 143]) is never dominant, when the substrate is glass 
or silicon. The total force of cube-1 for glass and silicon substrate case is always 
dominated by surface force. In contrast, the scenario is fully reversed for the case of 
silver substrate especially during the Fano resonance. In Fig. 6.5(i) it can be observed 
that the reversal of optical binding force occurs due to the reversal of bulk Lorentz 
force. Our ultimate conclusions are: (i) the reversal starts to occur from strong 
multiple scattering. (ii) Though it is commonly believed that internal wave-field does 
not contribute much for optical force on plasmonic objects (cf. the dominance of 
surface force in [109, 114]), during the Fano resonance the scenario is quite different.  
 
6.5  Effect of height, size and background material on 
binding force 
 
In previous section we have discussed the effect of different substrates on lateral 
binding force. In this section we shall focus our discussion on lateral binding force 
due to the change of dimer heights from the plasmonic substrate.  
    In Fig. 6.6(a)-(f), it is shown that when the cubic silver dimers are far away (45 nm 
away from the spacer) from the plasmonic substrate, Fano resonance does not occur. 
For these dimers, placed 45 nm away from the spacer, the dominant resonance in Fig. 
6.6(a) is the DD resonance [but for the isolated dimer case in Fig. 6.3(a) the dominant 
resonance is not DD mode [199]]. It should be noted that the binding force at DD 
resonance mode behaves quite differently for these two cases: (i) Far from the 
substrate- strong mutual attractive force occurs and (ii) very close [i.e. 5nm away 
from spacer as shown in Fig. 6.3 (j)-(l)] to the substrate- strong mutual repulsive 
force occurs [the reversal mainly occurs before this dipole resonance at the strong 
Fano resonance, when stronger coupling with the plasmonic substrate starts to occur]. 





Fig. 6.6: Two silver cubes (L=120 nm) are placed at different heights from the silver 
substrates (three different columns represent the position of the cubes: 50, 20 and 15 
nm away from the substrate) and their inter-particle gap, d, is fixed 100 nm. The 
spacer height is 5nm. x-polarized plane wave is propagating towards –z-direction. For 
different heights from the substrate: First row: extinction co-efficient; second row: 
binding force; ‘°’ represents the chosen wavelengths for which the steady state 
current distributions are plotted later. Third row: Lorentz force components along 
with the total force only on cube-1 (left cube, denoted as P1); fourth, fifth and sixth 
row: steady state current (Jy) from front view [in xz plane; setting the window very 
close to the cube surfaces from front view] for two silver cubes along with the 
substrate in three different wavelengths (marked as ‘°’). For first column [50 nm 
height, (d)-(f)] wavelengths are chosen as: 855, 553 and 503 nm respectively. For 
second column [20 nm height, (j)-(l)] resonance wavelengths are: 872 (DD), 631 
(Fano) and 567 nm (QQ) respectively. For third column [15 nm height, (p)-(r)] 
resonance wavelengths are: 890 (DD), 674 (Fano) and 590 nm (QQ) respectively. 
 




        
   Now, in Fig. 6.6(g)-(l), when the cubic silver dimers are closely placed (15 nm 
away from the spacer) from the plasmonic (silver) substrate, Fano resonance does not 
die out. However, such Fano resonance is not strong enough and optical binding force 
does not reverse. This configuration can better be comparable with the case: 
plasmonic homodimers (cube) over the previously discussed Si substrate. The 
current, electric fields and magnetic fields of such set-ups are also similar (but not 
identical) to that previously discussed case of dimers over Si substrate. Now, in Fig. 
6.6 (m)- (r), when the cubic silver dimers are closely placed (10 nm away from the 
spacer) from the plasmonic substrate, strong Fano resonance just starts to occur along 
with strong coupling with the substrate. During this resonance, the bulk part of 
Lorentz force reverses and just starts to dominate the total force on each dimer [cf. 
Fig. 6.6(o)]. Ultimately these lead to the reversal of optical binding force as shown in 
Fig. 6.6 (n). The mechanism of binding force for this case is very similar to the case 
[5 nm away from the substrate] discussed previously in details in previous section. 
 
    The waveguide description [213] of resonance mode [206, 208] also aids in 
understanding the observed dependence of the resonance shift on both the size of the 
nano cube [as can be seen from the comparison of Fig. 6.1(b), (c) and Fig. 6.2 (b), 
(c)] and the gap between the silver cube and the silver substrate [as shown in Figs. 
6.6]. (1) For larger cube, the length of the cavity increases and will therefore support 
a resonance at a longer wavelength. As a result, the resonance redshifts. (2) Similarly, 
when the gap between the substrate and the cube gets smaller, the effective refractive 
index of the cavity mode increases. This effectively lengthens the cavity [206] and 
results in a resonance condition at a longer wavelength. For case (1) and (2), when the 
second cube is placed closely to the first cube, the induced stable Fano resonance also 




red shifts following the rapid red shift of DD resonance and hence the binding force 
reversal wavelength also red shifts following the Fano dip in figures of Fig. 6.6 and 
Fig. 6.1 (b), (c); Fig. 6.2 (b), (c).  
 
    Throughout this work, the background material has been considered water. The 
simplest way to blue shift all the resonances along with the wavelength of binding 
force reversal is to decrease the background refractive index. Last but not least, with 
the increase of the inter-particle gap, the binding force magnitude decreases slowly 
but still this overall set-up provides a very relaxed mechanism to verify the reversal 




In summary, we have investigated a very simple possible configuration to 
demonstrate the reversal of lateral optical binding force with plasmonic homodimers 
based on strong Fano resonance. Among all the substrates (i.e. glass, Si, Ag, Au etc.), 
the closely placed plasmonic particles should remain very close only to the plasmonic 
substrate so that the bulk part of the total Lorentz force dominates the total lateral 
force of each cube during the substrate mediated Fano resonance. The surface current 
(along with the strong electric and magnetic coupling) increases significantly only for 
the close presence of the plasmonic substrate, which bears significant influence on the 
reversal of binding force of the dimers. Though we have shown only the homodimer 
cases, our proposed idea should also work for the cube heterodimers providing more 
flexibility on particle size. We believe that our proposals can be verified 
experimentally due to the simplicity of the proposed set-ups; and thus the attractive 




and repulsive forces between two plasmonic objects can be robustly adjusted based 






















Consistency of Minkowski’s Theory: Some Final 
Proposals  
 
7.1 Introduction and Summary of Chapter 7  
      In chapter 5, we have suggested the modification of Lorentz force for the 
embedded chiral and achiral objects. Later, in chapter 6, we have explained the 
dynamics of binding force reversal of plasmonic cubes based on the idea of modified 
Lorentz force discussed in chapter 5. In contrast, based on the proposed ‘consistency 
conditions’ of chapter 5, in this chapter we have proposed a new idea/hypothesis 
named as ‘existence domain’. ‘Existence domain’ is the region either outside a 
scattering body taking only its exterior fields into account, or in its interior 
considering only the inside fields. Though almost all the time averaged distinct STs 
and volumetric force laws are restricted to the idea of ‘existence domain’, we 
demonstrate that the time averaged stress tensor and volumetric force law of 
Minkowski are free from such restrictions. In addition, we have discussed in details 
the differences between time averaged and instantaneous force laws for different 
formulations in this chapter. Notably only Minkowski’s theory remains valid for all 
circumstances without any modification. As a result, considering ‘all’ the proposals in 
this chapter, it appears that Minkowski formulations are most probably more accurate 
description of physical optical force along with photon momentum. 
 




7.2 Time averaged Force: Proposal of ‘existence 
domain’ hypothesis  
 
 Fig. 7.1 Optical momentum transfers from an incident plane wave of propagating 
vector ki to a spherical particle with permittivity  and permeability . The total 
force calculated using the Stress Tensor (ST) is: Fout when the time-averaged ST is 
evaluated from fields outside the particle, through a surface of radius 
(blue lines), and Fin when the time-averaged ST is evaluated from the inside of the 
particle through a surface of radius (red lines).  
 
     According to chapter 5, though the proposed modified Einstein-Laub (MEL) ST 
(and the bulk volume force of MEL or modified version [26] of the well-known Chu 
force [214]) leads to a consistent time-averaged ‘bulk’ force for embedded generic 
objects, it is applicable at r=a- employing only the interior fields of an embedded 
object [cf. Fig. 7.1]. On the other hand, Minkowski (and Abraham) ST leads to 
consistent time-averaged ‘total’ force when they are applied at r=a+ [cf. Fig. 7.1] 
employing only the exterior fields of an embedded object (and zero force when 
applied at r=a- on employing interior fields). We have also explained the reason 
behind that in chapter 5, and suggested the distinct physical meanings of the left and 
right-hand sides of the equation:    Total Bulk SurfaceMink MEL MEL out in F = F F  (also alternatively 
applicable for Chu formulations). 
p p
 1.001r a a 
0.999r a a 




    Ultimately above proposal leads to a very surprising but significant conclusion for 
the well-known distinct time averaged stress tensors. We henceforth characterize the 
idea of ‘existence domain’ for the time averaged optical stress tensors (and volumetric 
forces) as the region either outside a scattering body taking only its exterior fields 
into account, or in its interior considering only the inside fields. The fundamental 
proposals [named as two consistency conditions] in favour of the idea of ‘existence 
domain’ proposed in chapter 5. 
In chapter 5, we have considered a special condition for non-absorbing objects:  
     Bulk Bulk in in in 0dv d     F f T s . But if we consider a more generic 
case where the existence of time averaged bulk force is not any big deal for a non-
absorbing object, it is possible to arrive an optical force law (Minkowski force) which 
is not restricted to the idea of ‘existence domain’.  
         To clarify the aforementioned proposal by a very simple example (more 
complex cases already discussed in chapter 5), let us consider a magnetodielectric 
slab embedded in another magnetodielectric. The surface force part of well-known 
Chu and Einstein-Laub force vanishes for the slab case. But the bulk part plays the 
main role to decide the time averaged total force [215]. The lossless embedded slab 
illuminated at normal incidence by a linearly polarized plane wave propagating along 
the z-direction with electric vector:  0 i kz txE E e  . The ‘outside force’ can be 
calculated considering the transfer of  Mink (out)  p k  from the background to the 
embedded slab (cf. Eq (60) given in [215]).  At the same time, the interior force on 
the embedded slab is calculated by internal bulk force of modified Einstein-Laub or 
modified Chu.  All of them are in full agreement with each other:                                                                        
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    (7.1) 
Here  R  and T  denote the reflection and transmission coefficients of the slab, while a 
and b are constants determined from the boundary conditions. The quantity   
/N S   denotes the photon ﬂux and S  is the time-averaged Poynting vector. 
‘i’, ‘r’ and ‘t’ mean incident, reflected and transmitted, respectively. Now, the 
important conclusions are: 
       (1) Thus the left side of Eq (7.1) describes the transfer of momentum to the 
embedded slab employing the incident, reflected, and transmitted Mink (out)  p k , 
respectively. The left part of Eq (7.1) can be derived from the Minkowski’s 
formulation as shown in [216]. In chapter 5, we have already discussed in details that 
except the external Minkowski ST, other formulations do not support the accurate 
calculation of time averaged total ‘external force’.  
      (2) In contrast, the right side of Eq (7.1) represents the total internal MEL or 
Modified Chu force felt by the slab, obtained by employing only its internal field. 
Without modifying the well-known EL or Chu force, it is not possible to obtain the 
equivalent results [more details discussed in chapter 5]. Though, the time averaged 
internal Minkowski ST leads to zero bulk force, the surface force part (obtained by 
Helmholtz force) also leads to the total force value equal to the one shown in Eq (7.1) 
[for details on Helmholtz force based calculations cf. the examples given in Ref. 
[215]]. 
So, above simple example clearly points the fact that: in time averaged situation, the 
Minkowski force remains valid at least at (i) the surface of the object [i.e. Helmholtz 
force] and (ii) outside the object [i.e. the background medium]. (iii) For the last part: 




the bulk force part of Minkowski’s force, one needs to consider absorbing slab. Such 
an example has already been shown in the last section of Ref. [215]. 
      All the above mentioned proposals can be verified in an implicit way: based on 
the ‘validity condition’ [denoted as C(I) in chapter 5] proposed in chapter 5. As a 
result, now, we shall show that in instantaneous and in time average case, Minkowski 
force remains valid everywhere in space. The detail calculations are given below. 
Even from the physical point of view, time averaged Minkowski ST can be applied 
both inside and outside the object [44] and hence free from the restriction of 
‘existence domain’. In fact, the calculations given below also suggest this same fact. 
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Now, from the non-diagonal (ND) components of Minkowski ST we get: 
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            (7.3) 
‘MIX’ represents the mixed diagonal and non-diagonal elements of the stress 
tensor, which are not connected with the identity tensor, I . b  and b  are 
fixed background permittivity and permeability, and s  and s  are fixed 
permittivity and permeability of the scatterer. ‘out’ represents the total fields (incident 
plus scattered field) outside a scatterer. ‘in’ represents the fields inside a scatterer. 
Electric field at the object and background boundary is defined as:
m qˆ ˆ ˆn  E = E n E m E q   where nˆ , mˆ and qˆ  are mutually orthogonal arbitrary unit 




vectors, which are applicable for different co-ordinate systems such as Cartesian or 
Spherical or Cylindrical. nˆ  is the local unit normal of the object surface, which is 
considered aligned towards the direction of wave vector direction (for simplicity). E  
and E  are the parallel and perpendicular components of electric fields at the 
background and object boundary. In a very similar way, the magnetic field has also 
been defined. 
Now, by employing the electromagnetic boundary conditions in above Eq (7.4): 
  out out in in out ouMIX MIXM t inin nn ik Mi k ˆ ˆ ˆ[ (out) in ] [ ] [ ]r a b s b s                 T T n E E E E n H H H H n        
(7.4) 
In contrast, from the pure diagonal (D) components we get [after employing the 
electromagnetic boundary conditions]: 
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  (7.5) 
Now, by adding Eq (7.4) and (7.5) and after doing some calculations, we get exactly 
Eq (7.2) at the object boundary. 
Our final conclusions on time averaged forces are shown at a glance in Fig. 7.2. 
To get a clear view of the operations physically involved with the different time 
averaged STs and volumetric force laws, we list them in Table-7.1.  
 




   
Fig. 7.2:  The consistency of Minkowski’s and Abraham’s theory everywhere in space 
for time averaged cases. Our discussions in section 7.2 and later in Table-7.1 suggest 
that: for time averaged scenario, almost all stress tensors and volumetric force laws 
are restricted to the idea of ‘existence domain’ except Minkowski and Abraham STs 




Table- 7.1: Time averaged macroscopic stress tensors and volume forces: proposal of 
‘existence domain’ (not applicable for Minkowski and Abraham formulations) 
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The time averaged external Minkowski ST 
characterizes the transfer of momentum transported 
by the field from any background medium to an 
embedded scatterer. The time averaged external 
Minkowski ST yields the correct (so far for almost 
all real experiments) total ‘outside force’ only from 
fields outside the embedded object with the 
integration at r=a+. The correct total ‘outside force’ 
can also be obtained directly from calculations 
employing PMink (i.e. by ray tracing method). 
Though the time averaged internal Minkowski ST 
yields a zero mechanical force (‘felt force’) at the 
interior of a lossless object, it leads to the correct 
internal force (bulk part of Helmholtz force) felt by 
the free charges for an absorbing objects. Exactly at 
the boundary of a generic object, the difference 
between the external and internal Minkowski stress 
tensor leads to the Helmholtz surface force. Hence, 
time averaged Minkowski ST (and Helmholtz 




force) should be considered valid as both external 
and internal ST (and force), which is fully opposite 
case of time averaged EL, Chu or Ampere/Nelson 
STs and force laws. 
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The time averaged Abraham ST yields the same 
force as Minkowski ST. But the correct total 
‘outside force’ cannot be directly obtained from the 
PAbr (i.e. by ray tracing method). The difference 
between Minkowski’s force and Abraham’s force 
arises only in instantaneous force. However, 
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The time averaged EL ST yields the ‘bulk force’ felt 
by the induced dipoles or ‘inside force’ from fields 
just inside the object embedded in air or vacuum. 
This ST does not characterize the flow of 
momentum transported by the field from the 
background medium to an embedded scatterer. 
Hence it is not applicable to get the ‘outside force’. 
For an object embedded in air or vacuum, the 
difference of external vacuum ST and the internal 
EL ST at the object boundary leads to a surface 
force Surfacef  which exactly matches with the surface 
force fully independently calculated by the EL 
volumetric force [cf. Appendix A and C]. But when 
an object is embedded in a material medium, the 
difference of the external EL ST and internal EL ST 
does not lead to the surface force of EL. As a result, 
MEL ST should be applied to yield the internal time 
averaged total force and to satisfy the two 
consistency conditions [C(I) and C(II)] presented in 




Chu 0 in in in in
in in 0 in in
1(in) Re (in) .2
(in)






















Time averaged Chu ST yields the ‘bulk force’ felt 
by the induced charges and currents or ‘inside 
force’ from fields just inside the object embedded in 
air or vacuum. This ST does not characterize the 
flow of momentum transported by the field from 
the background medium to an embedded scatterer. 
Hence it is not applicable to get the ‘outside force’. 
For an object embedded in any material medium, 
the difference of external vacuum ST and the 
internal Chu ST at the object boundary leads to a 
Surfacef  which exactly matches with the surface force 
fully independently calculated by the Chu volume 




force [cf. next section, section 7.3, of this 
conclusion and Appendix A]. But both the internal 
and external Chu ST do not lead to the time 
averaged consistent force for an embedded object. 
Only by modifying the internal Chu formulations 
along with its surface force, it is possible to yield 
the time averaged total force on an embedded 
object. 
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The Nelson ST and force law behave exactly same 
as the Chu formulation for a dielectric object placed 
in air. For magneto-dielectric objects, it behaves 
differently. This ST does not characterize the flow 
of momentum transported by the field from the 
background medium to an embedded scatterer. 
Hence it is not applicable to get the ‘outside force’ 
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MEL ST is similar to time averaged EL ST but 
when the background is material medium instead of 
air. For Air background, the MEL ST turns into EL 
ST. The time averaged MEL ST yields the ‘bulk 
force’ felt by the induced dipoles or ‘inside force’ 
from fields just inside the object embedded in 
material medium. This ST is also not applicable to 
get the ‘outside force’. For an object embedded in 
material medium, the difference of external 
Minkowski ST and the internal MEL ST at the 
boundary of that embedded object leads to a version 
of Surfacef  which exactly matches with the surface force 
fully independently calculated by the MEL 
volumetric force [cf. Appendix C]. Also note that: 
similar arguments are applicable for internal 
modified version of Chu ST for objects embedded 






7.3 Instantaneous and Time averaged Optical Force: 
Accuracy of Minkowski’s theory 
 




 Fig. 7.3:  Consistency of Minkowski’s and Chu’s theory for instantaneous and Time 
averaged force. Our discussions in section 7.3 and later in Table-7.2 suggest that: for 
instantaneous scenario, the consistency of only Minkowski’s and Chu’s theory remain 
everywhere in space based on: (i) consistent surface force calculation [described as 




      In previous section we have discussed that except Minkowski’s and Abraham’s 
stress tensors and volumetric force laws, all other force formulations are restricted 
with the idea of ‘existence domain’ for the case of time averaged force calculation. In 
addition, to yield the time averaged total force on an embedded object, we require to 
modify the Einstein-Laub, Chu and Ampere formulations. However, though the time 
averaged form of the Einstein-Laub and Chu formulations require modifications 
inside any embedded object, for the instantaneous case, well-known form of Chu 
force remains consistent everywhere (i.e. inside the embedded object, at the surface 
of the object and also at the background) among these two forces. 
When we consider an object embedded in a material medium, the surface force of 
Chu can be determined from the well-known volumetric force of Chu by appropriate 
boundary conditions [182]: 
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Now, from the non-diagonal (ND) components of Chu ST we get: 
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Now, by applying the electromagnetic boundary conditions, we finally arrive for non-
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Now, we can also write for diagonal components: 
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 ‘D’ represents pure diagonal elements of the stress tensor. Now, by adding Eqs (7.8) 
and (7.9), after some calculations we get exactly Eq (7.6), the surface force of well-
known Chu force. But this type of matching does not happen for the Einstein-Laub 
volumetric force considering embedded object.                                                                                 
     It is also notable that both Chu and Minkowski stress tensor and their volumetric 
force laws are relativistically invariant as shown in [217, 218]. On the other hand, 




Abraham’s and Einstein-Laub’s force laws are not relativistically invariant [217-219]. 
Now, our final conclusions on instantaneous forces are shown at a glance in Fig. 7.3.  
In the Table-7.2, we have discussed in details the differences between time averaged 
forces and instantaneous force formulations.  
 
 
Table -7.2: Optical force laws: difference between instantaneous forces and their 
corresponding time averaged forces 
 
Stress tensor T   















   
    
T DE BH
B H D E I
f E H
 D B  
(1) Let us consider at first that a lossless glass 
object is embedded in water. 
Helmholtz/Minkowski’s volumetric force 
distribution is applicable at each point of space. 
But in continuous medium (if lossless), it vanishes 
even in instantaneous scenario and appears only at 
the boundary of the object. But this does not mean 
Minkowski force is not applicable everywhere. 
For example- Now, we consider the glass object is 
absorbing. Then a local/bulk force part exists for 
Minkowski force along with the Helmholtz’s 
surface force. This bulk force describes how much 
momentum is transferring ‘only’ to the free 
carries due to local bulk fields of that glass object, 
which can also be obtained from internal 
Minkowski ST at r=a-. 
Now, the interesting point is that: the time 
averaged external Minkowski ST at r=a+ yields 
the time averaged total force [Helmholtz surface 
force plus the bulk force on free carriers] on that 
embedded absorbing glass object just by 
employing the external fields of the scatterer 
(fields from water background). In addition, 
exactly at the object boundary, the difference of 
internal Minkowski ST and the external 
Minkowski ST leads to that surface force of 
Helmholtz.  
(2) When absorption takes place in background, a 
local/bulk force arises in Minkowski’s force 
connected with the local fields in the background; 




which represents how much momentum is 
transferring ‘only’ to the free carriers of the 
background (but not to the embedded glass 
object).  
   - Hence Minkowski force has different physical 
operations in different spatial regions such as 
inside the absorbing embedded object; at the 
interface of the background and embedded object; 
and at the absorbing water background. But still it 
is applicable everywhere in space without any 
modification and also continuous for the case of 
instantaneous force (also relativistically form 
invariant). Hence Minkowski ST/ force is 
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The difference between Minkowski’s force and 
Abraham’s force arises only for instantaneous 
force due to  Af  term in Abraham’s force. 
Though in time averaged case Abraham force law 
is consistent everywhere in space, it is not 
relativistically invariant. Hence for instantaneous 
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(1) If Einstein-Laub force is applied to a lossless 
glass object (embedded in water background) 
employing the local field of the object, the EL 
force inside the object does not represent the 
‘correct’ magnitude of bulk force felt by the 
object [cf. the discussion after Eq (7.1) in section 
7.2 of this conclusion]. It is the modified Einstein-
Laub volumetric force [or MEL ST; cf. chapter 5] 
which should be applied to yield the time 
averaged bulk force of an embedded object. But it 
should be noted that the MEL version of 
volumetric force may not the correct form of the 
force distribution for instantaneous force, as it 
creates some important problems with Einstein-
Balazs thought experiment [220].  
(2) For an object embedded in air or vacuum, the 
difference of external vacuum ST and the internal 
EL ST at the object boundary leads to a Surfacef  which 
exactly matches with the surface force fully 
independently calculated by the EL volumetric 
force. But the difference of external and internal 
EL ST does not lead to the consistent Surfacef  for an 
object embedded in material medium. For such an 
object, the difference of external Minkowski ST 
and the internal MEL ST at the boundary of that 
embedded object leads to a version of Surfacef  which 
exactly matches with the surface force fully 
independently calculated by the MEL volumetric 




force [cf. Appendix A and C]. 
(3) On the other hand, the well-known Einstein-
Laub force in the water background employing 
the local field of the water represents the bulk 
force felt by the water background itself. It does 
not represent how much momentum has been 
transferred from the water background to the 
embedded object. 
- So, based on (1)-(3), we conclude that: in time 
averaged scenario: the MEL force should be 
applied inside the embedded scatterer [cf. chapter 
5]. On the other hand, the well-known time 
averaged EL force should be applied in the 
background medium to determine the force felt by 
the background water medium. For the case of 
instantaneous force: EL force is not relativistically 
invariant. Hence EL ST/force is not consistent 
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The conclusions for Chu force are very similar to 
the Einstein-Laub force except one difference: the 
instantaneous force behavior. Instantaneous Chu 
force is more physical than the instantaneous EL 
force due to its nature of relativistic invariance. 
So, from the physical point of view, it can be 
suggested that the instantaneous volumetric force 
distribution based on the bound charges and 
currents of Chu formulation is more accurate than 
the induced dipole based EL formulation. In 
chapter 5 we have highlighted the importance of 
both the time averaged modified EL and modified 
Chu force laws. Though instantaneous Chu force 
remains consistent everywhere, in time averaged 
scenario it does not remain consistent everywhere. 
For example- though the time averaged force felt 
by the water background should be calculated by 
well-known Chu force, the time averaged force on 
the embedded scatterer should be calculated by its 
modified version (very similar behavior of time 
averaged scenario of EL/MEL force). 
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0 E B  
The Nelson/Ampere ST (or its modified version) 
and force law behaves exactly same as the Chu 
formulation (or its modified version) for a 
dielectric scatterer.  
 
 





7.4 Photon Momentum for instantaneous and Time 
averaged cases: Accuracy of Minkowski’s theory 
        Based on the discussions in the previous sections [sections 7.2 and 7.3], finally, a 
question arises: can we model the momentum of photon as the one of Minkowski 
everywhere in the space?  It is so far understood that the travelling momentum of 
photon (i.e. at the background) can better be modelled as Abraham/kinetic photon 
momentum [151] and the transferred momentum from the background to the 
embedded object should be considered as Minkowski/canonical photon momentum 
[43,151]. Classically Minkowski photon momentum arises just at the interface of the 
background and the embedded object [162]. Also the well-known Snell’s law at the 
interface of two different mediums can be derived only from the conservation of the 
tangential component of Minkowski photon momentum. So far almost all the real 
experiments [43,58] have strongly supported the Minkowski photon momentum as 
the physical momentum of photon. Our analysis throughout the thesis suggests that 
either in instantaneous or in time average case, Minkowskian formulations remain 
valid everywhere in space and so far all the major radiation pressure experiments 
have unambiguously supported Minkowski’s force formulations [28,46] and photon 
momentum [43,58]. One of the main arguments in favor of Abraham photon 
momentum mainly arises from the validity of Einstein-Laub’s volumetric force 
distribution, which is connected with Abraham photon momentum, in case of 
Ashkin’s experiment on water surface [161] (in other words: from the volumetric 
force calculations those support Abraham momentum density [28,151]). But Einstein-
Laub formulation may not be appropriate to describe the physical reality considering 
both instantaneous [218] and time averaged analysis [cf. our discussion in previous 
two sections and chapter 5]. At the same time, such experiments [28,161] can also be 
explained better based on the Minkowskian force and Minkowski photon momentum 




[28,221]. On the other hand, the well-known Chu force (that also supports Abraham 
photon momentum), which remains valid everywhere in instantaneous scenario [but 
not in time averaged case], does not lead to the correct force distribution for Ashkin’s 
experiment on water surface [28]. One recent study has also invalided the idea of 
Abraham photon momentum even in instantaneous scenario [222]. Our final 
conclusions on photon momentum are shown at a glance in Fig. 7.4. 
 
   
 
Fig. 7.4:  Consistency of Minkowski photon momentum. Based on our discussions in 
this conclusion chapter [specially cf. Fig. 7.2 and 7.3], it can be understood that 
Minkowski’s force formulations remain consistent everywhere in space. This fact 
implicitly suggests that: for both time averaged and instantaneous cases, Minkowski 
photon momentum can also be considered as the consistent photon momentum 
everywhere in space. Ray tracing method, Snell’s law, almost all real experiments on 
radiation pressure directly support only the Minkowski photon momentum as the 
observable physical momentum of photon. On the other hand, even if it can be 
considered that Abraham photon momentum is the travelling momentum of photon in 
a continuous medium, most probably there is no way to reject the idea that: 
Minkowski photon momentum arises at the boundary of the embedded objects [cf. 
chapter 4 of this thesis and in chapter 5 it is also shown that the GAP METHOD, 
which is modelled to support Abraham’s photon momentum everywhere in space, 
leads to inconsistent result of time averaged total force]. One recent study has 
invalided the idea of Abraham photon momentum even in instantaneous scenario 
[222]. As a result, for a unified consistent theory of optical force and photon 
momentum, either in instantaneous or in time averaged case, most probably 
Minkowski photon momentum is the strongest candidate for appropriate photon 
momentum as shown in above figure.  
 
 




7.5 Conclusion  
    This chapter and Chapter 5 of this thesis partially answer the question after almost 
100 years of Einstein’s prediction [223] why Minkowski’s theory is more accurate 
than Einstein-Laub theory to obtain the time averaged total force [due to: (i) 
‘existence domain’ and (ii) modification issues]. Based on the proposals in chapter 5, 
we have proposed the idea/hypothesis of ‘existence domain’ in this chapter [section 
7.2]. Though almost all the time averaged distinct STs and volumetric force laws are 
restricted to the idea of ‘existence domain’, we demonstrate that the time averaged 
stress tensor and volumetric force law of Minkowski are free from such restrictions. 
In addition, we have discussed in details the differences between time averaged and 
instantaneous force laws for different formulations in this chapter [section 7.3]. 
Notably only Minkowski’s theory remains valid for all circumstances without any 
modification. So, after almost 100 years of Einstein’s prediction [223], this chapter, 
most probably finally answers why Minkowski’s theory is more accurate for all 
circumstances. 
         Considering ‘all’ the proposals in this chapter, it appears that Minkowski 
formulations are most probably more accurate description of physical optical force 
along with photon momentum. So, according to our proposals in this chapter, it may 
also be possible to consider the presence of Minkowski photon momentum 
everywhere in space along with the interface of the two different medium. However, 
if it would be possible to experimentally measure the presence of bulk force 
distribution of any ideal non-absorbing medium by any future experiment, it would 
certainly prove our proposals in this chapter physically a little bit inaccurate (as no 
bulk force should take place for Minkowski formulations in case of non-absorbing 
medium). However, whatever the experimental observation in future, from physical 
point of view: Minkowski’s force most probably always describes the transfer of 




optical momentum from background to an embedded object (external Minkowski ST) 
or to the embedded free charges (internal Minkowski ST).  






Conclusion and Future Works 
 
8.1 Summary of the Thesis 
Radiation pressure, in conjunction with photon momentum, has always constituted an 
intriguing phenomenon in physics. An accurate prediction of the electromagnetic 
force is important for complex biological systems, stable optical manipulation, tractor 
beams, MEMs and nano-opto-mechanical systems, among many applications. Most 
experiments in those areas need determinations of these optical forces on objects 
immersed in a non-vacuum environment. However, inside matter different definitions 
and descriptions of the macroscopic optical force and the photon momentum have 
been put forward, among others by Minkowski, Abraham, Ampere/Nelson, Einstein-
Laub, Chu or Peierls. Even after extensive debates spanning over a century, there are 
still several unsolved problems regarding exactitudes of stress tensors or force laws, 
and on their individual validities or limitations inside matter.  
     One of the main goals of this thesis was to investigate the problems/dilemmas of 
optical volumetric/Lorentz forces specially observed in real radiation pressure 
experiments performed up to date. Moreover, Lorentz force dynamics was previously 
restricted to simple cases. In literature, Lorentz force analysis for optical pulling force 
(tractor beams) and the reversal of near field optical binding force (i.e. for plasmonic 
objects) have not been investigated in details so far. As a result, in this thesis, physics 
and applications of Lorentz force have been investigated in details with special 




interest in tractor beam effect, plasmonic objects, chiral objects and the objects 
embedded in a generic material medium.  
At the beginning part of this thesis, in chapters 2 and 3, we have considered the 
Lorentz force dynamics for comparatively simple cases such as objects placed in air. 
Time averaged total force calculated by well-known Lorentz force and the external 
stress tensor method are found in full agreement for those two chapters without any 
modification in Lorentz force. More specifically, as the stimulating connection 
between the Lorentz force and optical pulling force has not been investigated in 
details previously, chapter 2 demonstrates the Lorentz force analysis and its 
applications for tractor beam like effect [214]. It is shown based on Lorentz force 
analysis that the bound surface charges of Rayleigh scatterer experience backward 
force, which overcomes the positive bulk force and ultimately results in the net 
pulling of the scatterer for several spatial regions outside two dielectric hollow core 
cylindrical waveguide. Later, this idea of dielectric waveguide tractor beam has been 
extended for dielectric coupler set-ups for stable transverse equilibrium and long 
distance operation. On the other hand, Chapter 3 demonstrates the Lorentz force 
analysis for plasmonic off-axis and on-axis spherical heterodimers. It is shown based 
on Lorentz force analysis that the reversal of longitudinal binding force can be easily 
controlled through forced symmetry breaking: (i) just by changing the direction of 
light/wave propagation for a specific set-up of off-axis heterodimers or (ii) just by 
changing their relative orientation while keeping the light/wave propagation in a fixed 
direction. Notably, the longitudinal binding force of spherical heterodimers originates 
almost fully from the difference of the bulk part of Lorentz force, which strongly 
suggests the connection of bulk Lorentz force with the scattering force. As much 
study has not been performed on the connection of Lorentz force with gradient and 
scattering forces, the work presented in chapter 3 may open a new window for such 
investigations. 




        In contrast, in chapters 4, 5, 6 and 7, we have considered much complicated 
cases such as chiral and achiral objects embedded in material medium. Specially 
chapters 4 and 5 of this thesis deal with very fundamental topics of optical force: 
consistency of stress tensors, volumetric forces and photon momenta inside matter. In 
chapter 4 it is shown that the well-known Lorentz force leads to inconsistent result 
(pushing force) instead of the experimentally observed optical pulling force for 
interfacial tractor beam experiment [43]. Our suggested interpretation in chapter 4 
supports the Minkowski approach only for the purpose of optical momentum transfer 
to the embedded scatterer for the interfacial tractor beam experiment [35], although 
the momentum of photon in the continuous water background can be considered as 
the type of Abraham for the calculation of the bulk part of Lorentz volumetric force 
distribution. Later chapter 5 discusses in detail why the well-known 
Lorentz/volumetric forces fail not only in interfacial tractor beam experiment but also 
for several other real experiments. Exactly at the boundary of an object, the difference 
of the external Minkowski ST and internal ST of Chu (and Einstein-Laub) is found in 
agreement with the surface force yielded by Chu (and Einstein-Laub) force only 
when the background is air or vacuum rather than a material. We identify this as one 
of the main reasons of the disagreements observed in the major radiation pressure 
experiments which include material medium as background. Some other notable 
reasons of such disagreements have also been identified and discussed in that same 
chapter. We also demonstrate that it is still possible to establish different equivalent 
time-averaged Lorentz / volumetric force formulas based on the fulfilment of just two 
‘consistency conditions’. Based on those proposed ‘consistency conditions’, finally, 
we propose that by modifying the Einstein-Laub (EL) or Chu formulation, time-
averaged STs and volume forces are obtained those can overcome the aforementioned 
inconsistency for almost all previous experiments. Specially, our proposed modified 
Einstein-Laub ST can be considered as an efficient mathematical toolkit, an 




alternative of time and memory consuming volumetric forces, to yield the internal 
bulk force of a chiral or achiral object embedded in complex material backgrounds 
(i.e. homogeneous, heterogeneous, bounded etc.). 
     In chapter 6, we have shown an interesting application of modified Lorentz force, 
i.e. modified Chu force. We have observed that if the closely located plasmonic cube 
homodimers (over glass or high permittivity dielectric substrate) are illuminated with 
plane wave polarized parallel to dimer axis, no reversal of optical binding force 
occurs. But if we apply the same set-up over a plasmonic substrate, stable and 
stronger Fano resonance occurs along with the reversal of binding force. 
Interestingly, for both the strong quadrupole-quadrupole and dipole-dipole resonances 
of the dimers, the binding force is dominated by Coulombic surface charge induced 
force; whereas during the Fano resonance binding force reversal is dominated by 
polarization current induced modified bulk Lorentz force (which is unconventional in 
comparison with the usual idea of optical force on plasmonic objects). 
     Finally in chapter 7 (the chapter before conclusion), we have proposed the 
hypothesis of ‘existence domain’ inspired by the idea presented in chapter 5. Though 
almost all the time averaged distinct STs and volumetric force laws are restricted to 
the idea of ‘existence domain’, we demonstrate that the time averaged stress tensor 
and volumetric force law of Minkowski are free from such restrictions. In addition, 
we have discussed in details the differences between time averaged and instantaneous 
force laws for different formulations in chapter 7. Notably only Minkowski’s theory 
(stress tensor, force law and photon momentum) remains valid for all circumstances 
without any modification. 
   The main contributions of this thesis are the following:  Firstly, to identify the exact 
reasons of the failure of distinct time averaged optical force formulas in real radiation 
pressure experiments performed up to date and to settle them. Secondly, the 
consistency conditions [C(I) and C(II) in chapter 5] of optical forces , which lead to 




the equivalent formulations of several distinct time averaged optical forces applicable 
for objects embedded in generic backgrounds [i.e. homogeneous, heterogeneous, 
bounded and so on]. Thirdly, the hypothesis of ‘existence domain’ in chapter 7, 
which along with aforementioned consistency conditions lead to sort out the most 
probable consistent theory of optical force and photon momentum applicable 
everywhere in space (i.e. Minkowski’s theory) both in instantaneous and time 
averaged scenario. Fourthly, the applications of Lorentz force and modified Lorentz 
force dynamics for tractor beam effect and plasmonic dimers, which lead so several 
unconventional conclusions not presented before in literature. 
 
8.2 Final Remarks and Future Works      
 In 1918 Albert Einstein wrote against his own theory of optical force to Walter 
Dällenbach [223]: “It has long been known that the values I had derived with Laub at 
the time are wrong; Abraham, in particular, was the one who presented this in a 
thorough paper. The correct strain tensor has incidentally already been pointed out 
by Minkowski”. Unfortunately, even after almost 100 years, it is not clear why 
Einstein predicted so regarding the theory of optical force generally known as optical 
stress tensor associated with optical Lorentz force.  
    This thesis (especially chapters 5 and 7), most probably, finally answers why 
Minkowski’s theory is scientifically more accurate for all circumstances. Hence, it 
appears that Minkowski formulations are most probably more appropriate description 
of physical optical force along with photon momentum. It may also be possible to 
consider the presence of Minkowski photon momentum everywhere in space along 
with the interface of the two different medium according to previous chapter (chapter 
7). However, if it would be possible to experimentally measure the presence of bulk 




force distribution of any ideal non-absorbing medium by any future experiment, it 
would certainly prove our proposals in favor of Minkowski’s theory a little bit 
inaccurate physically (as no bulk force should take place for Minkowski formulations 
in case of non-absorbing medium). However, whatever the experimental observation 
in future, from physical point of view: Minkowski’s force always describes the 
transfer of optical momentum from background to an embedded object (external 
Minkowski ST) or to the embedded free charges (internal Minkowski ST). According 
to the conclusion of chapter 5, if time averaged bulk force is found not zero for a non-
absorbing medium (i.e. in any future experiment), then it should better be considered 
that:  (i) both time averaged external Minkowski force and time averaged internal 
modified Chu (or modified Einstein-Laub) force are physical entities but (ii) their 
physical operations should be considered quite distinct from each other [for details cf. 
the conclusion of chapter 5]. And hence the forms of the optical force law can be fully 
different to describe these fully different physical process/physical operations. In 
addition, if bulk force distribution for non-absorbing medium will be experimentally 
observed in real time analysis, then the idea of travelling momentum of photon as the 
one of Abraham [cf. our discussion in chapter 4] may not be neglected. As a result, 
such a future experiment on bulk force (especially in real time analysis), if properly 
proceeds, will probably resolve many misconceptions and dilemmas in the area of 
distinct optical forces along with photon momenta. This may be possible by 
introducing much modifications in the recent experiments of ‘Ashkin-Dziedzic type’ 
[47] as discussed in ref. [221, 224, 225] and by measuring the state of bulk part of 
water (or any ideal non-absorbing liquid) instead of the water surface.  
    Proposals presented in this thesis can be very effective to resolve not only the 
dilemma of distinct stress tensors and optical Lorentz forces but also the controversy 
of Abraham-Minkowski photon momenta. In addition, so far the idea of tractor beams 
are mostly restricted with highly sophisticated structured beams or exotic artificial 




materials [226]. This thesis may also open a new window of optical pulling 
force/tractor beams due to the exclusion of conventional structured tractor beams 
along with the artificial exotic matters. Last but not least, the proposed ideas for the 
reversal of near field optical binding force may also be useful for the future 
applications of plasmonic dimers in the areas of improved plasmonic sensors, particle 
clustering and aggregation. 
                                                                                                                                                            







Detail analysis on GAP METHOD of optical force 
calculation 
 
   Before discussing the volume force method of GAP METHOD (defined in the 
introduction of chapter 5 and also cf. Fig. 1A below), we highlight the surface force 
determination of Chu force.  
    It is already shown in [182] that when we consider an object placed in air, the 
surface force of Chu can be determined from the appropriate boundary conditions 
[78, 173, 182] of Chu volumetric force: 
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However, in [182] the surface force has not been calculated by employing the stress 
tensors. We shall show the process of surface force calculation by employing the 
stress tensor method in this section. The internal Chu stress tensor (ST) can be written 
as: 
 in * * * *Chu 0 in in 0 in in 0 in in 0 in in12         T E E H H H H E E I  . Here ‘in’ represents the 
fields inside a scatterer. Now, we shall show that the surface force of Chu in Eq (A1) 
can be yielded from the difference of external vacuum stress tensor Vacuum(out)T  and 




the internal Chu ST [cf. Eq (5.2b) in chapter 5 for vacuum ST; for the case of air 
background: the gap field ( gE ) itself is the outside field ( outE ) in Fig. 1A given 
below]:        
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‘MIX’ represents the mixed diagonal and non-diagonal elements of the stress 
tensor, which are not connected with the identity tensor, I . ‘out’ represents the 
total fields (incident plus scattered field) outside a scatterer. Electric field at the 
object and background boundary is defined as: m qˆ ˆ ˆ   E = E n E m E q  where nˆ , mˆ
and qˆ  are mutually orthogonal arbitrary unit vectors, which are applicable for 
different co-ordinate systems such as Cartesian or Spherical or Cylindrical. nˆ is the 
unit normal of the object surface. E  and E  are the parallel and perpendicular 
components of electric fields at the background and object boundary. In a very similar 
way, the magnetic field has also been defined. Now, by applying the electromagnetic 
boundary conditions, we finally arrive for mix components:                
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                                                                                                                                  (A2)    
Now, we can also write: 
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 ‘D’ represents pure diagonal elements of the stress tensor. Now, by adding Eqs (A2) 
and (A3), after some calculations we get exactly Eq (A1), the surface force of Chu: 
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     So, when the object is placed in air: (i) internal Chu stress tensor yields the time 
averaged bulk force of Chu volume force and (ii) the external vacuum ST leads to the 
total time averaged force (bulk force plus the additional surface force). This is also 
true for the Einstein-Laub volumetric force. We have found analytically that the 
difference of external vacuum ST and the internal Einstein-Laub ST leads to a surface 
force of Einstein-Laub [173,182], which exactly matches with the independently 
calculated surface force from the volumetric force of Einstein-Laub [182]. 
 
Fig. 1A: When the object is surrounded by a medium other than the free space, a 
narrow gap may be imagined to exist between the object and its surroundings 
according to refs. [170, 78,172,173]. The integration boundary is then placed within 
the gap. gE represents the electric field in that narrow gap. 
 
         Now, we can go back to our discussion on the topic of GAP METHOD [170, 
78,172,173] as illustrated in Fig. 1A. In [78] considering the consistency of the 




volume force, finally it has been concluded that: When such a gap is given between 
the scatterer and the surrounding background, the total force of the embedded 
scatterer should be calculated based on (described as method II in [78] and cf. Fig. 
1A): 
                                  Total Bulk SurfaceGap Method  Gap Method  Gap Method  in F = F F                   (A5)                                          
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Here  0 inS  P E ,  0 inS  M H , in inSB H and iin nSD E . But the 
bulk and surface force calculation based on the above method may not be a general 
procedure due to these reasons: 
(1) Though above Eq (A5) is successful for small object only for few specific 
cases [78], it may lead to inconsistent result for embedded Mie or more 
complex objects according to the same ref. [78]. 
(2) The surface force of Chu force calculated in [182] from the direct volume 
force method. It is also shown in Eqs (A1-A4) that the same surface force can 
also be calculated for a dielectric object (placed in air) from the difference of 
the external ST, Vacuum(out)T , and the internal ST of Chu,  Chu inT ,just at the 
boundary of the scatterer. So, the total force of a scatterer placed in air 
calculated by volume force method is nothing but the force calculated by the 
external ST.  




   Now, we again consider the work of Barnett et al. [182] where the 
procedure of surface force calculation has been illustrated by properly 
applying the boundary conditions. If we apply those boundary conditions and 
at the same time consider that there is a small gap between the scatterer and 
the surrounding background, the consistent equation leads to the force 
equation where the average field at the boundary of the scatterer should be 
calculated with gap fields ( gE , gH ) instead of the real fields ( outE , outH ) of 
the background medium (described as method III in [78] and cf. Fig. 1A): 
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(A7) 
It is also interesting that if we consider a vacuum stress tensor at the gap 
[170] shown between the scatterer and the background, the difference 
between the external vacuum stress tensor and the internal Chu stress tensor 
leads to the same surface force of Eq (A7): 
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     But that equation (method III in [78]) does not lead to the consistent result 
according to that same ref. [78]. In addition, we have already shown in 
chapter 5 that the total force calculated by external ST GAPVacuum(out)T in Eq (A8) 
[method III in [78] should also lead to the same force of Eq (5.2a) given in 
chapter 5] leads to wrong result for experiments which include 
inhomogeneous background (or in general heterogeneous background). 




     So, Eq (A5) above is an independent equation (described as method II in 
[78] which is a more accurate formulation than method I and III according to 
ref. [78]) which cannot be derived from the volume force of Chu [182] by 
employing the proper boundary conditions to the static force part shown in 
[182]. At the same time, there is no such external (and also internal) ST 
which leads to the surface force yielded by Eq (A6) above from the 
difference of external ST and the internal Chu ST just at the object boundary.  
(3) Last but not least, the difference of any external ST and the internal Chu ST 
does not lead to the surface force given in Eq (A6). So, Eq (A5) above 
(described as method II in [78]) is a fully independent equation to yield the 
time averaged total force, which may not be a generic way to yield the total 
time averaged force of the embedded objects.  
      However, an alternative way to yield the time averaged total force (by volume 
force method) for the embedded objects can be well-known Einstein-Laub force [28] 
as shown for several previous experiments [28] but without considering any small 
gap between the scatterer and the background. However, the problems of EL force for 














Possible derivation of the internal Modified Einstein-
Laub stress tensor  
 
Previously the Eisntein-Laub (EL) stress tensor was derived in [227] from the well-
known EL force density method. In this section we shall derive the modified EL ST 
from the modified EL (MEL) force in the same way as described in [227] but in the 
time averaged form. For an embedded achiral dielectric object embedded in another 
homogeneous dielectric, the EL force density takes a modified form [171]: 
                                * *MEL Eff in Eff in1 Re .2 i     f P E P B                         (B1) 
In Eq (B1), it is interesting to note that the polarization have been written as effective 
polarization as [26,171,183]:  
                         in Eff b in Eff Eff b in;     ,S      D D E P P E       (B2)                    
In the same way, the effective magnetization can also be written as [26]: 
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       It should be noted that b  and b  are fixed constant parameters [For example- 
they do not vary with respect to time]. In [183] it is argued in favor of Eq (B2): “Note 
that the equation for net force without rescaling with the background permittivity will 
give the total force on the volume including force on the background material which 




does not result in motion of the particle.” The idea of effective induced electric (and 
magnetic) dipole moment has been also applied previously to yield the ‘outside force’ 
of dipolar objects in [16, 97, 186] in a very similar way of the idea of effective 
polarization and magnetization given in Eq (B2) and (B3). For example- the induced 
effective dipole moment has been derived in Eq (22) given in ref. [97] from the 
effective polarization model of Eq (B2) but with the exterior field of an embedded 
scatterer for external dipolar force.  
        However, in [26], it is shown that for a magneto-dielectric object embedded in 
another magneto-dielectric, the external force by Minkowski ST matches with the 
time averaged force via Modified Chu (MCHU) volume force expressed in terms of 
effective polarization and magnetization as: 
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  For several cases [26,183, 228, 229], this volume force method has been applied to 
yield the total force. For example- the effect of background permittivity has been 
described in [229] for the cases of binding forces. Considering the consistency of Eqs 
(B4-B6) [26], [183], the modified EL force law in [171] can be written in a generic 
form for a magneto-dielectric object embedded in another magneto-dielectric in 
accordance with [161] as: 
         Bulk * * * * *MEL Eff in Eff in Eff in Eff Eff in Eff1(in) Re .2 i i            f P E M H P B M M D P     




                                                                                                                               (B7)                        
In Eq (B7), the *Eff Effi P M  terms cancel out finally. As it is shown in [188] that the 
application of EL formulation may lead to misleading results for very simple 
situations, the final time averaged form of MEL force should be written in terms of B 
instead of 0 H  according to [161] (also cf. reference [230] where the difference 
between the time varying and the time averaged force has been argued): 
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Now, in order to yield the final form of the MEL stress tensor, the intermediate step 
of the MEL force [not the final time averaged form given in Eq (B8)] can be written 
from Eq (B7) as: 
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Eq (B9) ,which represents only an intermediate step of final MEL force in Eq (B8), 
turns into the EL force equation if the background is air. It should be noted that the 
Maxwell equations remain unique everywhere in terms of D and B only. However, as 
the internal induced polarization and magnetization are affected/influenced by the 
background permittivity and permeability specially due to the effect of the 
boundary/interface, the division of D and B can be expressed based on Eq (B2) and 
(B3).As a result, considering PEff and MEff in Eq (B2) and (B3) as a consistent 
mathematical description, the Maxwell-Chu [155] equations can be written for the 
embedded object as: 
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          In order to determine the final form of the stress tensor, let us consider the     
* *
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obtain: 
Bulk * * * *
MEL Eff in Eff in Eff b in Eff b in
* *
b b in in b b in in
1(in) Re[[( ) ( ) ]2







     
        
    


T f G P E M H P H M E
E H H E
      (B14)        
In above equation 
t

 G is zero where G is a non-mechanical momentum density. 
After some calculations, we get from Eq (B14): 
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By applying Eqs (B2) and (B3), we can write from Eq (B15): 
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Hence the time averaged MEL ST inside an object embedded in a homogeneous 
background can be written as: 
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Eq (B17) turns into EL Stress tensor [227] when the embedding background is air 
instead of material medium. However, still one important issue remains unsolved: 




Are Eqs (B1) [171], (B8) and (B17) consistent equations, which lead to the same 
surface force from two different ways of calculations (as shown at the beginning of 
Appendix A): (i) from direct volume force [183] and (ii) from the difference of 




















Appendix C  
Derivation of the MEL surface force in two fully 
different ways 
At first we consider the surface force calculation process shown in [183] (which 
applied in [183] to yield the surface force: (i) only from volumetric force and (ii) only 
for air background) and apply that process for the static part of Eq (B8) at the 
boundary of the embedded object (at r=a) [considering there is no artificial gap 
between the scatterer and the background]: 
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                                                                                                                                (C1)         
At the object boundary, the average polarization requires to be considered as Eff / 2P to 
arrive at Eq (C1) and; Eq (C1) turns into the surface force of well-known Einstein-
Laub force when background is considered air. Now considering the difference 
between the external Minkowski ST and the internal MEL ST just at the boundary of 
an embedded scatterer: 
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Now, adding Eq (C2) and (C3) together, after some calculations we get: 
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Time averaged external (total force) and internal force 
(bulk force) for an embedded achiral object: 
All the 3D simulations throughout chapter 5 and this appendix are conducted using 
incident power of 0.57mW/µm2. 
 
Fig. 1D: Time-averaged forces: Fout at 1.01r a a   from Minkowski ST [231,232] 
and Fin (bulk force) at 0.999r a a   from the modified Einstein-Laub (MEL) ST 
[232]. These forces are always of same trend. By adding the surface force of MEL 
with the bulk force, the magnitude exactly matches with external time averaged total 
force. (a) Homogeneous background: Force on a non-absorbing dielectric sphere by 
varying its permittivity (with a=500 nm, illuminated by a linearly polarized plane 
wave  0 i kz txE E e    at 1064 nm). The unbounded homogeneous dielectric 
background parameter is: 05b  .  (b) Heterogeneous background: Force on a 
magneto-dielectric infinite cylinder of ( ,s s  ) = ( 05 , 04 ) and radius 2000 nm  
embedded in an heterogeneous unbounded background of four different magneto-
dielectric layers: ( ,b b  ) = ( 03 , 02 ); ( 04 , 03 );( 05 , 04 ); ( 06 , 05 ). The 
illuminating plane wave with 1064 nm indices at varying angles. (c) A 3D core-
shell magneto-dielectric sphere embedded in air is illuminated by a linearly polarized 
plane wave with varying wavelengths. Core radius, a=500 nm, 08s  , 03s  . 
Bounded local immediate background (i.e. the shell) parameters: radius, b=600 nm 
and 04b  ; 02s  . Coreout outF F , at different illumination wavelengths λ 
obtained from Minkowski ST at r=a+ using the fields in the shell. Corein inF F  based 
on MEL ST at r=a- using core fields.   
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